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1.  INTRODUCTION 


The  results  obtained  under  the  support  of  this  grant  are  divided  into  four  categories 
corresponding  to  sections  2-5.  The  main  thrust  of  the  proposed  and  funded  research  has  been 
the  modeling  and  control  of  intelligent  flexible  structures.  Two  previous  reports  (Appendix 
I  and  II)  delineate  the  efforts  and  results  of  the  fimded  research  during  the  first  two  years 
of  support.  The  present  document  focuses  on  the  results  of  the  last  year  of  support.  In 
addition  to  results  obtained  while  focusing  on  the  objectives  at  hand  (see  section  7),  general 
results  were  obtained  which  are  not  directly  related  to  the  proposed  objectives.  These  results 
are  related  to  the  discovery  of  a  nonlinear  modal  control  method  presented  in  section  3,  a 
deterministic  methodology  for  treating  the  a}ntrol  of  uncertainty  in  structures  presented  in 
section  4,  and  the  control  of  critical  speeds  in  rotating  machines  as  discussed  in  section  5. 
Section  6  reviews  some  preliminary  results  in  the  control  of  thermoelastic  systems. 

In  addition  to  the  summary  presentation  of  results,  this  report  concludes  with  a  discus¬ 
sion  of  the  original  objectives,  in  section  9  and  whether  or  not  these  have  been  met  (they 
have),  and  a  list  of  publications  under  AFOSR  support  in  section  9.  Section  10  lists  the  grad¬ 
uate  students  supported  under  the  3  years  of  this  grant  and  section  10  discusses  coupling 
activities  and  technology  transfer  effectuated  while  under  AFOSR  support.  The  appendix 
contains  the  first  two  annual  technical  reports  for  this  award  to  provide  completeness. 

2.  SUMMARY  OF  SMART  STRUCTURE  RESULTS 

A  substantial  amount  of  research  effort  has  been  put  forth  in  the  area  of  smart  structures 
and  intelligent  material  systems  over  the  last  decade,  often  without  regard  for  application. 
The  work  reported  here  examined  a  common  example  of  a  snuirt  structure,  i.e.,  the  infamous 
cantilevered  beam  in  bending  with  either  a  surface  mounted  or  embedded  piezoceramic  ac¬ 
tuators  and  sensors,  and  the  application  of  this  configuration  to  control  unwanted  vibration 
in  a  variety  of  configurations  common  to  satellites.  In  particular,  results  for  three  applica¬ 
tions  point  out  natural,  and  perhaps  unique,  solutions  to  the  vibration  suppression  problem. 
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provided  by  a  smart  structures  approach.  The  first  of  these  three  examples  consists  of  the 
slewing  motion  of  a  flexible  beam  through  its  bending  direction  around  a  rigid  hub  driven 
by  a  motor.  Such  motions  are  common  in  space  and  robotics  applications.  The  addition 
of  a  piezoceramic  based  closed  loop  system  is  shown  to  significantly  impact  the  power  and 
performance  of  the  slewing  configuration. 

The  second  application  examines  the  vibration  suppression  of  slewing  frames  similar  to 
those  used  as  solar  panels  on  satellites.  Such  frames  are  rich  in  coupled  bending  and  tor¬ 
sion  and  known  to  vibrate  excessively  while  slewing.  The  torsional  motion  is  not  able  to  be 
suppressed  by  use  of  the  rigid  body  actuator  (motor)  as  is  conventional.  Here  piezoceramics 
mounted  directly  on  the  frame  are  shown  to  render  the  torsional  motion  controllable  pro¬ 
viding  an  order  of  magnitude  improvement  in  system  performance.  Thus,  a  smart  structure 
approach  is  shown  to  provide  a  solution  to  a  difficult  vibration  suppression  problem  not  solv¬ 
able  by  conventional  sensors  and  actuators.  Both  theoretical  prediction  and  experimental 
verification  is  provided.  Power  consiunption  is  shown  to  be  minimal,  and  in  fact,  less  in 
some  cases. 

The  third  application  examines  the  vibration  suppression  of  a  ribbed  antenna  similar  to 
those  used  on  satellites  (e.g.  TDRSS).  Such  structures  exhibit  repeated  and  nearly  repeated 
natural  frequencies.  Hence,  controllability  becomes  an  issue  and  again  a  smart  structmes 
approach  provides  a  low  cost  natural  solution  to  a  practical  vibration  problem.  Again  both 
experimental  and  theoretical  results  were  obtained. 

The  results  obtained  under  the  support  of  this  grant  are  summarized  in  severad  journal 
papers  aind  proceeding  aurticles  by  the  author’s  grauluate  students  (Leo  amd  Inmam,  1994,  Leo 
amd  Inmam,  1993a,  b,  1992a,  b,  Gaircia  and  Inman,  1990,  Dosch  et  ad.,  1993a,  b,  1992,  Inmam 
and  Garcia,  1992,  Garcia  et  al.  1991).  These  results  indicate  a  clear,  logical  use  of  smart 
structures  to  solve  vibration  suppression  problems  in  situations  where  conventionad  sensors 
amd  amtuators  tie  not  applicable.  From  a  control  theory  point  of  view,  the  use  of  smart 
structures  is  beneficiad  because  it  allows  the  control  designer  to  approach  full  state  feedback 


2 


in  the  design  of  a  given  system  without  resorting  to  state  estimation.  In  addition,  the  use  of 
smart  structures  allows  placement  of  sensors  and  actuators  at  almost  any  location  allowing  a 
maximiun  use  of  the  concept  of  controllability  and  observability.  From  a  mechanical  design 
point  of  view,  use  of  smart  structures  offers  an  order  of  magnitude  reduction  in  settling  times 
for  a  small  expenditure  of  power. 

The  specific  results  delineated  in  the  Appendix  B  as  well  as  in  the  refereed  papers  are: 

•  a  smart  structure  approach  allows  sensors  and  actuators  to  be  placed  throughout  a 
structure  or  machine,  allowing  one  to  approach  full  state  feedback. 

•  because  sensors  and  actuators  can  be  placed  almost  anywhere  within  a  structure  or 
machine,  they  can  be  placed  at  points  of  maximum  controllability  and  observability, 
rendering  very  low  power  consumption  in  active  control. 

•  in  cases  where  rigid  body  motion  is  controUed  along  with  flexible  motion,  the  use  of 
smart  structures  can  actually  reduce  total  power  consumption  for  equivalent  perfor¬ 
mance.  Alternatively,  the  smart  structure  approach  can  be  use  to  provide  increased 
performance. 

•  in  cases  where  repeated  modal  frequencies  require  multiple  actuator/sensors  for  con¬ 
trollability,  smart  structures  provide  a  natural  solution. 

•  complex  modeling  issues  can  be  avoided  by  using  positive  position  feedback  (PPF) 
control  as  robustness  depends  only  upon  measurements  of  the  open  loop  eigenvalues. 

•  the  better  the  model,  the  more  sophisticated  the  control  law  can  be  and  the  better 
the  performance. 

Power  Consumption  While  not  yet  published,  it  is  clear  from  the  results  of  exp^iments  that 
using  smart  structures  involves  a  very  small  increase  in  total  power  consumption.  In  some 
cases,  the  total  power  actually  decreases  (Garcia  and  Inman  1990).  The  power  consumption 
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in  slewing  solar  panel  experiments  indicate  that  an  increase  in  power  of  0.3  watts  (i.e., 
from  121.53  to  121.83  watts)  results  in  a  substantial  increase  in  performance.  In  particular, 
if  the  damping  ratios  of  the  closed  loop  motor  control  are  compared  to  the  closed  loop 
motor  control  with  smart  structures  attached  (Leo  and  Inman)  a  driunatic  improvement  in 
performance  is  observed.  In  particular,  the  use  of  rotational  rigid  body  actuators  exhibit  low 
controllability  in  torsion  whereas  the  addition  of  piezoceramic  actuators  provide  a  drastic 
increase  in  performance  under  combined  rigid /smart  structure  control.  The  damping  ratio 
for  the  smart  structural  control  system 

•  increases  by  a  factor  of  15  in  the  1st  torsional  mode 

•  increases  by  a  factor  of  23  in  the  2nd  torsional  mode 

•  increases  by  a  factor  of  6  in  the  1st  plate  mode 

and  1.5  times  in  the  second  bending  mode.  This  represents  a  large  improvement  in  perfor¬ 
mance  for  a  very  small  increase  in  power  during  a  30“  slew  maneuver. 

Additional  Results  The  main  results  in  this  section  are  reported  in  appendix  B.  In  addition, 
several  journal  papers  have  been  accepted  and  are  included  in  appendix  C  along  with  copies 
of  the  appropriate  conference  papers. 

3.  RESULTS  IN  NONLINEAR  MODAL  CONTROL 

Although  not  part  of  the  original  objective,  the  personnel  funded  by  this  support  and 
also  funded  by  ARO  (DJI)  determined  a  new  method  of  providing  closed  loop  control  for 
weakly  nonlinear  systems  which  does  not  require  any  linearization. 

This  work  extended  the  work  of  Shaw  and  Pierre  (1992)  on  nonlinear  normal  modes  to 
include  the  case  of  forced  response.  This  allows  the  nonlinear  normal  mode  method  to  be 
applied  to  the  feedback  control  problem  providing  a  new  method  of  controlling  nonlinear 
systems.  The  proposed  method  uses  the  transformation  proposed  by  Shaw  and  Pierre  for 
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homogeneous  systems  written  in  state  space  form.  The  coordinate  transformation  for  the 
forcing  vector  is  defined  in  the  state  space  and  related  to  the  physical  coordinate  system.  The 
results  is  a  pseudo  modal  decoupling  transformation  of  a  nonlinear  inhomogeneous  system. 
Although  interesting  in  its  own  statement,  this  transformation  also  provides  a  nonlinear 
modal  control  scheme.  This  result  is  appUed  to  a  known  coupled  two  degree  of  freedom 
oscillator  with  a  cubic  stiffness  term.  The  results  illustrate  the  design  of  a  nonlinear  modal 
control  law. 

The  concept  that  nonlinear  modes  with  nonlinear  modal  equations  exist  for  some  set 
of  nonlinear  systems  has  been  accepted  intuitively  by  many  for  quite  some  time.  It  wasn’t 
until  1964  when  Rosenberg  presented  the  first  paper  on  nonsimilar  normal  modes  that  it 
became  possible  to  solve  even  the  simplest  nonsimilar  normal  mode  system.  Many  per¬ 
turbation  methods  have  been  developed  to  approximate  the  deviation  of  a  nonlinear  mode 
from  a  corresponding  linear  mode.  However,  only  the  Shaw  and  Pierre  method  utilizes  the 
definition  of  nonsimilar  nonlinear  modes  as  invariant  manifolds.  This  method  allows  the 
straight  forward  computation  of  nonsimilar  nonlinear  normal  modes  and  their  corresponding 
mode  shapes.  Although  algebraically  tedious,  this  method  lends  itself  to  programming  using 
algebraic  manipulation  packages  such  as  Mathematical  and  MACSYMA®. 


OoMd  Losp  Rapea* 


Fi^re  1.  The  displacement  time  response  of  one  mass  of  a  2  degree  of  freedom  oscillator  with 
cubic  nonlinear  using  nonlinear  feedback  modal  control.  The  open  loop  system  is  undamped. 
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4.  RESULTS  ON  THE  CONTROL  OF  UNCERTAIN  SYSTEMS 

Convex  optimization  techniques  have  been  developed  to  design  feedback  control  laws 
for  structures  with  uncertain  transient  inputs.  The  uncertain  disturbances  are  modeled 
deterministically  as  convex  sets  of  functions.  Three  types  of  models  have  been  considered;  one 
which  bounds  the  total  energy  of  the  disturbance,  another  which  bounds  the  instantaneous 
energy,  and  a  third  that  limits  the  maximum  and  minimum  values  of  the  input.  Each 
of  these  models  provide  an  alternative  to  the  usual  statistical  description  (i.e.  expected 
value).  Expressions  for  the  maximum  response  are  derived  for  each  model.  The  optimal 
feedback  control  law  is  found  via  the  solution  of  an  infinite  dimensional  optimization  by 
an  sdfine  parameterization  of  all  stabilizing  controllers.  The  parameterization  maintains 
convexity  and  converges  to  the  unique  solution  as  the  number  of  terms  in  the  approximation 
is  increased.  The  techniques  have  been  illustrated  on  a  simple  model  of  an  unconstrained 
flexible  structure. 

As  an  application  of  the  usefulness  of  this  method,  it  has  been  used  to  design  collocated 
control  laws  for  the  small-scale  model  of  a  flexible  anteima  used  in  section  2.  The  objective 
of  the  active  control  is  to  minimize  the  response  of  a  single  rib  to  a  disturbance  occurring  at  a 
remote  location  on  the  structure.  Two  separate  designs  are  examined.  The  first  is  standard 
Linear  Quadratic  Gaussian  (LQG)  control,  whereby  the  H2  norm  of  the  transfer  matrix  is 
minimized  via  the  solution  of  two  Riccati  equations.  Unfortunately,  this  type  of  design  does 
not  exploit  the  favorable  attributes  of  sensor/actuator  collocation,  resulting  in  control  laws 
that  are  not  robust  to  model  uncertainty  and  structural  variations.  An  optimization  approach 
to  H2  optimal  design  is  presented  that  bounds  the  phase  of  the  control  law,  thereby  increasing 
its  robustness.  The  optimization  is  shown  to  be  convex,  providing  important  guarantees  on 
solution  accuracy  and  convergence.  Control  laws  designed  with  both  procedures  have  been 
experimentally  implemented  on  the  antenna  testbed.  The  results  illustrate  the  advantages 
of  designing  H2  optimal  controllers  that  are  bounded  in  phase. 

Experimental  implementation  of  H2  optimal  controllers  designed  via  constrained  convex 
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optimization  illustrated  the  robustness  achieved  by  bounding  the  phase  of  the  compensator. 
In  comparison  with  standard  Linear  Quadratic  Gaussian  (LQG)  designs,  they  remained 
stable  in  the  presence  of  structural  variations  and  model  uncertainty.  The  loss  of  performance 
that  resulted  from  constraining  the  optimization  could  be  compared  to  a  trade-off  curve 
that  represented  all  achievable  LQG  solutions.  In  this  way,  convex  optimization  proved  to 
be  effective  method  of  studying  the  trade-offs  associated  with  constraining  the  phase  of  the 
controller. 

Although  the  results  of  the  initial  effort  are  encouraging,  many  questions  arose  regarding 
the  convex  optimization  approach  to  control  design.  For  example,  the  optimal  solutions  were 
found  to  be  sensitive  to  the  choice  of  functions  used  in  the  Q  parameterization.  Furthermore, 
the  optimization  seemed  to  exhibit  convergence  properties  when  the  constraint  on  the  control 
effort  became  large.  Checking  the  phase  constraint  at  discrete  points  (even  for  a  fine  grid) 
introduced  errors  into  the  control  design.  Finally,  the  pole-zero  cancellation  procedure  used 
in  this  paper  was  a  rather  ad  hoc  method  of  order  reduction,  the  reasons  why  more  advanced 
methods  were  ineffective  needs  to  be  investigated.  Future  work  involves  studying  these  topics 
and  also  generalizing  the  phase  constraints  to  control  systems  with  more  than  one  sensor 
and  actuator.  The  details  of  these  results  are  reported  in  Leo  and  Inman  (1994,  a,b),  which 
appear  in  Appendix  C. 

5.  CONTROL  OF  CRITICAL  SPEEDS 

A  method  has  been  researched  for  suppressing  the  resonances  that  occur  as  a  rotating 
machine  is  sptm-up  from  rest  to  its  operating  speed.  This  proposed  method  invokes  “stiffness 
scheduling”  so  that  the  resonant  frequency  of  the  system  is  shifted  during  spin-up  so  as  to 
be  distant  from  the  excitation  frequency.  A  strategy  for  modulating  the  stiffness  through 
the  use  of  shape  memory  alloy  has  been  derived. 

Most  common  applications  of  “smart  materials”  actuators  involves  obliging  them  to 
undergo  some  generalized  displacement  in  response  to  a  specified  stimulus.  A  slightly  dif- 
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ferent  approach  is  used  in  an  ^plication  in  which  a  modulus  rath«r  than  a  displacement  is 
numipulated. 

The  results,  using  a  very  simple  model  a  rotatory  machine,  clearly  indicate  that  stiffness 
scheduling  can  reduce  critical  speed  amplitude  during  run  up.  In  particular,  it  is  shown  in 
Parker,  Segalman  and  Inman  (1993)  that  the  critical  speed  amplitude  is  reduced  by  1/3  of 
its  open  loop  value  by  the  use  of  shape  memory  alloys  and  the  stiffness  scheduling  control 
law.  This  work  was  supported  by  DOE  (Parker,  Segalmzm)  and  Inman’s  time  was  paid  in 
part  by  ARO,  in  part  by  AFOSR  under  this  grant. 

6.  CONTROL  OF  THERMOELASTIC  SYSTEMS 

Thermally  induced  vibrations  remain  largely  uncontrolled  while  their  presence  can  signif¬ 
icantly  affect  the  stability  of  structures.  Thermal  effects  are  important  in  space  applications 
and  in  other  structures  required  to  operate  in  environments  wh^  large  temperature  gra¬ 
dients  are  common.  In  the  satellite  industry,  thermally  induced  vibrations  are  a  recurring 
problem  which  affect  the  stability  and  the  proper  operation  of  satellites.  The  vibrations  are 
typically  caused  by  the  rapid  heating  of  satellite  appendages  during  normal  orbital  flight. 
At  the  day-night  and  night-day  orbital  transitions,  sudden  heating  produces  temperature 
gradients  which  result  in  time  dependent  thermal  moments.  These  thermally  induced  mo¬ 
ments  can  cause  significant  undesirable  vibrations  in  the  satellite.  Numerous  satellites  have 
been  lost  as  a  result  of  this  problem  and,  therefore,  it  is  important  to  find  a  method  to 
satisfactorily  suppress  these  vibrations  and  to  minimize  their  effect  on  the  operation  of  the 
spacecraft.  The  purpose  of  this  work  was  to  investigate  thermally  induced  transverse  vibra¬ 
tions  in  flexible  satellite  appendages  with  the  expectation  that  the  restilts  will  be  useful  to 
the  satellite  industry. 

Consider,  for  example,  a  typical  solar  array  found  on  most  satellites.  The  solar  array 
is  made  up  of  two  booms,  a  rigid  bar  and  a  solar  blanket.  The  two  booms  are  usually 
cantilevered  to  a  rotating  shaft  at  one  end  and  to  the  rigid  bar  at  the  other  end.  The 
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solar  blanket  is  a  membrane  stretched  between  the  rigid  bar  and  the  rotating  shaft.  The 
thermal  disturbances  generated  in  this  structure  result  from  the  temperature  gradients  in 
the  two  booms.  The  magnitudes  of  the  thermal  disturbances  from  the  solar  blanket  and 
the  rigid  bar  are  insignificant  when  compared  to  those  generated  in  the  booms.  For  this 
reason,  the  dynamics  of  the  boom  were  investigated.  Elach  boom  can  be  approximated 
as  a  simply  supported  be2un  in  transverse  vibration.  Assuming  that  the  Euler- Bernoulli 
beam  assumptions  hold,  linear  equations  of  motion  were  obtained  which  include  a  time 
dependent  thermal  moment  term.  The  therm2J  effects  appear  as  a  disturbance  (a  time 
varying  thermal  moment)  in  the  equations  of  motion  and  they  also  appear  in  the  boundary 
conditions.  Knowing  the  temperature  distribution  in  the  beam  cmd  the  material  parameters, 
the  thermal  moment  can  be  calculated.  In  solving  for  the  temperature  distribution,  a  classical 
heat  transfer  approach  was  taken,  where  the  motion  of  the  structure  does  not  to  affect  the 
temperature  distribution.  That  is,  an  uncoupled  thermal  structural  analysis  was  performed 
where  the  beam  was  assumed  rigid  for  the  purpose  of  calculating  the  temperature  distribution 
and  neither  the  incidence  of  the  heat  flux  nor  the  actual  structural  deformations  affected  the 
solution. 

It  was  determined  that  a  distributed  control  force  would  be  most  suitable  to  suppress  the 
thermally  induced  vibrations.  Therefore,  a  piezoelectric  sensor/actuator  pair  was  added  to 
the  model  and  two  different  control  methods  were  applied.  In  the  first  case,  an  LQR  controller 
was  used  to  suppress  the  vibrations.  The  results  for  the  controlled  case  showed  a  significant 
improvonent  in  time  response  over  the  uncontrolled  case.  In  the  uncontrolled  case,  the 
magnitude  of  the  vibrations  remained  largely  unchanged  for  times  longer  than  one  minute, 
since  very  little  damping  was  included  in  the  model.  Adding  LQR  control  to  the  system, 
the  vibrations  were  suppressed  in  less  than  one  second.  This  was  possible,  since  the  beam 
examined  was  very  small  (i.e.,  low  inertia).  In  the  second  case,  positive  position  feedback 
was  used  to  control  the  vibrations.  The  results  were  similar  to  the  LQR  case.  A  significant 
amount  of  damping  was  added  to  the  model  through  active  control.  The  results  of  the  study 
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indicate  that  it  is  possible  to  model  and  control  thermally  induced  vibrations  in  a  simply 
supported  beam.  The  results  suggest  that  the  problems  of  thermally  induced  vibrations 
encountered  in  the  satellite  industry  can  be  solved  using  currently  available  technology. 
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-  Slewing  Frames 


1 .  Introduction 

In  recent  years,  there  has  been  a  large  ammint  oi  research  on  slewing  structures  against  a 
fixed  base.  These  struemres  present  challenging  control  problems  since  the  action  of 
slewing  induces  residuai  vibrations.  These  vibrations  can  degrade  pcrfonnance  when  strict 
pointing  and  tracking  requirements  are  to  be  rmtintained. 

Until  now,  most  of  the  work  has  concentrated  oa  the  slewing  of  flexible  beams.  For  the 
most  part,  these  structures  exhibit  only  bending  modon  when  excited  [1-3].  Recently, 
research  performed  by  Sakawa  and  Luo  [4]  studied  the  control  of  a  flexible  beam  widi  an 
eccentric  tip  mass.  This  tip  mass  induced  torsional  vibrations  when  slewed,  adding  a  new 
dimension  to  the  control  problem.  They  presented  motu’  control  schemes  designed  to 
simultaneously  slew  the  structure  and  suppress  vibrations. 

The  effort  described  here  also  examines  the  problem  of  slewing  a  structure  that  exhibits 
bending  and  torsional  vibrations.  The  structure  studied  is  not  a  flexible  beam,  tiiough,  but 
a  frame  that  models  the  dynamics  of  a  solar  array.  The  torsional  nootion  induced  when 
slewed  is  relatively  uncontrollable  using  colocated  motor  ctmtrol.  Smart  structure 
technology  will  be  applied  in  an  attempt  to  suppress  this  motira.  Namely,  a  piezocmamic 
strut  placed  in  the  franae  will  render  these  nKxles  controllable.  A  number  of  difierent 
control  laws  will  be  e^qierimentally  verified. 

2.  Slewing  Frame  Testbed 

A  slewing  frame  was  constructed  to  provule  an  experimaitaltesti)edfr»’ control.  Theframe 
consisted  of  thin- walled  circular  aluminum  tubing  (Figure  1).  Slewing  actuation  was 
provided  by  an  Electro-Craft  670  dc  rrmtor.  Angular  rate  and  position  sensors  could  be 
used  fix'  arudog  motor  control. 


An  active  strut  was  designed  and  inserted  into  the  slewing  frame.  It  consisted  of  a  flat 
aluminum  bar  layered  with  four  piezoceramics  on  each  side.  Each  ceramic  was  a  Model  G- 
1 195  from  Piezo  Electric  Products  with  dimensions  2.5"  x  0.75"  x  0.01".  The  strut  was 
configured  so  that  it  could  be  used  as  a  sensor,  an  actuator,  or  as  a  colocated 
sensor/actuator  pair.  Figure  2  is  a  drawing  of  the  active  strut  The  output  from  the  active 
strut  is  proportional  to  the  strain  induced  in  the  member.  Conversely,  the  active  strut 
produced  a  bending  moment  proportional  to  die  command  input 

A  number  of  computers  were  available  for  ccxitrol  and  data  acquisition.  AComdynaGP- 
6  analog  computer  was  used  for  position  control  of  the  frame  and  various  signal  operations 
(summation,  subtraction,  etc.).  Control  laws  for  the  active  strut  were  implemented  on  an 
Optima  3  digital  controller  sampling  at  1500  Hz.  Finally,  data  acquisition  and  frequency 
analysis  was  performed  using  a  Tektronix  2630  Fourier  Analyzer. 

The  objective  of  the  experiments  was  to  slew  the  frame  in  a  reasonable  amount  of  time 
while  minimizing  unwanted  vibradons.  Due  to  the  configuradon  of  the  structure,  bending 
and  torsional  vibrations  were  induced  when  a  maneuver  was  performed.  The  rest  of  this 
paper  will  deal  with  the  modeling  and  control  aspects  of  this  problem. 
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Piezoceramic 


All  piezoceramics  electricalty 
coupled  to  one  another  (not  shown) 


Aluminum  Strut 
1  inch 


Figure  2  Piezoccramic  Active  Strut 


3.  Modeling  and  Analytical  Results 

A  linear  model  of  the  slewing  frame  was  developed  so  that  a  number  of  control  laws  could 
be  tested  analytically.  In  physical  coordinates,  this  model  takes  the  form  [3] 
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where  M  and  K  are  the  mass  and  stifhness  matrices  of  the  structure,  respectively,  1$  is  the 
rigid  body  inertia  about  the  slewing  axis,  and  Ib  is  pan  of  the  interaction  between  the  rigid 
body  and  flexible  motion.  The  physical  coordinates  of  the  structure  are  denoted  q,  and  the 
rigid  body  rotation  is  symbolized  by  0.  f  is  a  matrix  of  applied  forces  and  the  overdot 
represents  differentiation  with  respect  to  time. 

To  correctly  model  the  interaction  between  the  motor  and  the  structure,  pinned-free  natural 
frequencies  and  mode  shapes  were  used.  The  mass  and  stifrhess  matrices  were  built  using 
frnite  elements  and  a  modal  test  was  performed  to  verify  analytical  results  [5].  By 
collecting  the  normalized  mode  shapes  into  a  matrix  Sm>  equation  (1)  was  transformed  into 
modal  coordinates  by  assuming  q  s  Sm  r  and  premultiplying  by  Sm^-  This  yields 
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A  is  a  matrix  of  the  form  diag{Q)i2..o)i2..(ojyj2}^  and  Ib  =  Sm^  Ib.  I  is  an  N  x  N  identity 
matrix,  where  N  is  the  numba  of  flexible  modes  in  the  model. 

The  active  strut  was  modeled  as  a  moment  generate  [6].  For  sinq)licity,  it  was  assumed  to 
span  the  entire  length  of  the  strut  Although  not  a  rigorous  model  of  the  piezoelectric 
effect  it  did  produce  satisfactory  results. 

To  study  the  slewing  frame,  a  16  mode  model  was  developed  using  finite  elements.  The 
boundary  condition  was  chosen  to  be  pinned-free,  and  the  natural  frequencies  and  mode 
shapes  were  verified  by  a  modal  test.  Initially,  a  simple  Proportional-Derivative  (PD) 
controller  of  the  form 

Gpd  (s)  =  -  fCv  B  *  B 

was  used  for  position  control  of  the  frame.  The  gains  were  set  to  values  that  produced  an 
adequate  step  response.  Due  to  the  nature  of  the  boundary  condition,  this  controller  also 
added  damping  to  certain  flexible  modes.  This  occurs  because  the  pinned-firee  condition 
allows  a  large  amount  of  interaction  between  the  structure  and  the  motor.  In  the  model,  the 
damping  in  the  motor  is  added  to  the  flexible  motion  through  the  applied  loads  vector  f. 
Consequently,  derivative  action  on  the  motor  also  produces  an  increase  in  damping  in  the 
flexible  motion.  Results  of  an  analytical  study  where  Kp  a  2.S  and  Ky  »  6.5  are  given  in 
Table  1.  All  noodes  were  initially  assumed  to  be  undamped. 

This  study  reveals  that  a  simple  PD  motor  control  adds  a  significant  amount  of  damping  to 
the  bending  modes.  This  is  consistent  with  previous  results  [7].  Table  1  also  shows  that 
the  torsional  motion  is  still  relatively  undamped. 

Table  1.  Natural  Frequencies  and  Damping  Ratios  in  the 
flexible  modes  using  PD  ccmtrol. 


Mode 

cOdCHz) 

%  Critical 

Torsional 

4.37 

0.41 

Bending 

8.87 

11.24 

Torsional 

15.47 

0.50 

Plate 

19.79 

0.3 

Bending 

27.53 

5.10 

In  an  attempt  to  control  the  first  torsional  mode  of  the  slewing  frame,  an  analysis  was 
performed  using  the  active  strut  as  a  sensor  and  an  actuator.  Various  control  laws  were 
attempted.  The  two  that  performed  the  best  were  Generalized  Structural  Filtering  (GSF) 
and  Positive  Position  Feedback  (PPF).  Aiudytical  designs  were  obtained  using  the  model. 
They  indicated  that  the  damping  in  the  fost  tOTsional  noode  could  be  increased  to  5.7  % 
using  the  GSF  method  and  to  8.5  %  using  PPF  control.  Details  of  the  actual  designs  will 
be  presented  in  the  following  section. 

4 .  Experimental  Results 

Analytical  results  indicated  that  the  torsional  motion  of  the  frame  was  difficult  to  suppress 
using  colocated  motor  control.  Further  studies  revealed  that  by  using  an  active  strut,  these 
torsional  vibrations  could  be  rendered  controllable.  Experimental  results  support  these 
conclusions  and  provide  studies  in  the  design  of  active  control  systems  for  flexible 
structures. 

Three  levels  of  control  were  implemented  on  the  slewing  frame.  The  first  consisted  of  a 
simple  PD  compensator  for  the  motor.  This  was  necessary  in  order  to  position  the  frame 
and  suppress  the  bending  vibrations.  Next,  a  non-colocated  control  law  was  designed  to 
adequately  damp  the  dominant  torsional  motion.  Finally,  a  colocated  controller  using  the 
active  strut  was  implemented  and  the  results  were  compared  to  the  non-colocated  case. 
Figure  3  is  a  schematic  of  the  overall  control  architecture. 

Proportional-Derivarive  Motor  Control 

The  first  control  law  studied  was  a  simple  PD  compensator  of  the  form  given  in  equation 
(3).  The  6  term  was  the  tachometer  output,  and  9  was  the  signal  firom  the  potentiometer. 
The  reference  command  was  a  step  input  of  1  volt  This  corresponded  to  a  30*  slewing 
maneuver.  The  active  strut  was  only  used  as  a  sensor  for  these  experiments. 

A  typical  response  of  the  frame  position  is  shovm  in  Figure  4.  The  settling  dme  for  the 
slew  maneuver  is  about  6  seconds.  In  addition  to  controlling  the  position  of  the  frame,  the 
PD  compensator  has  the  desirable  effect  of  suppressing  the  bending  motion. 
Unfortunately,  the  torsional  motion  is  still  relatively  undamped,  even  with  quite  alot  of 
derivative  action  on  the  motor.  Table  2  lists  tiie  natural  frequencies  and  damping  ratios  for 
the  case  of  experimental  PD  control.  It  shows  that  the  colocated  motor  control  suppresses 
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the  dominant  bending  motion  but  leaves  dw  torsitmal  mode  lightly  damped.  This  trend  is 
similar  to  the  results  obtained  analytically  with  die  FEM  model 


Analog  Computer 


Figures.  Slewing  Frame  Control  Architecture. 


Table  2.  Natural  frequencies  and  damping  ratios  for  experimental 
PD  control. 


Mode 

C0d(Hz) 

C 

%  Critical 

TOTsional 

4.32 

0.82 

Bending 

7.68 

9.18 

Torsional 

14.11 

1.26 

Plate 

20.76 

0.94 

Bending 

26.25 

1.32 

r 


Figure  4.  Frame  Step  Response  (Kp  =  2.5,  Kv  =  6.5). 


Table  2.  Natural  frequencies  and  damping  ratios  for  experimental 
PD  control 


Mode 

oid(Hz) 

c 

%  Critical 

Torsional 

4.32 

0.82 

Bending 

7.68 

9.18 

Trxsional 

14.11 

1.26 

Plate 

20.76 

0.94 

Bending 

26.25 

1.32 

During  this  tnaneuver,  the  sensor  output  of  the  active  strut  during  a  30*  slew  is  shown  in 
Figure  5.  This  illustrates  the  lightly  damped  t(  'sional  mode.  The  4.32  Hz  vibration  does 
not  settle  for  over  30  seconds,  well  after  the  slewmg  maneuver  is  over. 

One  problem  that  became  inqxntant  during  the  experiments  was  static  friction  in  the  motor 
and  bearings.  This  problem  is  evident  in  Figure  4.  The  sudden  stop  of  the  slewing 
maneuver  is  due  to  the  fact  that  the  motOT  cannot  overcome  the  dry  friction  in  die  systtm. 
This  problem  was  even  more  inqxirtant  when  control  laws  were  implemented  to  suppress 
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the  torsional  motion  of  the  frame.  This  will  be  discussed  in  the  next  section  on  non- 
colocated  control. 

NTnn-TnlncaitMl  Control  usiny  the  Active  Strut 

To  supplement  the  PD  compensator,  a  non-colocated  controller  was  designed  to  add 
damping  to  the  torsional  naode.  The  design  tool  was  a  method  called  Generalized  Structural 
Filtering  (GSF).  The  GSF  method  uses  non-minimum  phase  second  order  filters  to 
successively  stabilize  structural  poles.  The  design  is  done  iteratively,  using  'classical' 
techniques  of  root  locus  and  Bode  plots.  For  a  detailed  description  of  GSF  cmitrol,  see 
[8]. 

For  this  particular  application,  the  design  steps  were  as  follows.  Initially,  a  transfer 
function  was  taken  between  the  motor  input  and  the  active  strut  ouqput  A  commercially 
available  Recursive  Least  Squares  package  used  the  time  domain  data  to  obtain  a  pole-zero 


Figure  5.  Active  strut  ouqrut  for  30*  slew  maneuver  with  only  PD  control. 

model  [9].  From  this  model,  root  locus  and  Bode  plots  could  be  used  to  design  a 
compensator.  The  objective  of  the  design  was  to  add  damping  to  the  torsional  motion 
without  destabilizing  higher  frequency  dynamics.  In  an  attempt  to  attenuate  the  high 
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frequency  content  of  the  control  signal,  it  was  filtered  at  20  Hz  widi  an  Ithaca  24  dB/octave 
low-pass  filter.  A  number  of  designs  were  attempted,  with  varying  degrees  of  success. 
Each  design  was  tested  experimentally  by  feeding  back  the  active  strut  output  into  the  dc 
motor  and  performing  a  slewing  maneuver.  All  but  the  final  compensator  caused 
instabilities  in  the  flexible  motion  when  experimentally  iiiq)len]ented.  The  final  GSF 
controller  took  the  form 

(sl20-^l)  (s -29.5  ±j  24.2) 

(5140^1)  (s  +  26.0  +  j  30.4)  ^  ^ 

Equation  (4)  is  the  combination  of  a  simple  lead  and  a  non-minimum  phase  filter.  Figure  6 
shows  the  response  of  the  structure  during  a  30*  slewing  maneuver  with  GSF  control  on. 
The  torsional  motion  is  adequately  damped  out .  i.e,  by  the  time  the  slewing  is  over  (»  7  s), 
the  vibrations  have  ceased. 

Even  though  this  method  damps  out  the  torsional  motion  during  a  slew  maneuver,  the 
deadband  in  the  motor  makes  it  ineffective  for  disturbance  rejection.  If  some  type  of  input 
was  applied  to  the  frame  (e.g.  thermal  shock  of  a  solar  panel)  when  it  was  not  slewing,  the 
controller  could  not  react  until  it  overcame  the  static  friction  in  the  system.  Thus,  the  static 
friction  limits  the  effectiveness  of  this  non-colocated  control. 

To  alleviate  this  problem,  one  of  two  things  could  be  done.  Quite  simply,  the  first  solution 
is  to  reduce  the  static  friction  by  using  better  hardware.  The  less  of  a  deadband,  the  more 
effective  this  type  of  controller  will  be.  But  since  all  real  systems  have  static  friction,  a 
more  practical  approach  would  be  to  put  both  the  sensor  and  actuator  on  the  flexible 
structure  [10].  If  this  is  done,  then  the  vibration  suppression  of  the  torsional  motion  would 
be  independent  of  the  slewing  actuator.  This  colocared  controller  could  suppress  vilvations 
during  a  slew  maneuver  as  well  as  reject  disturbances.  The  last  experiment  deals  with  this 
type  of  design. 


9 


6 


’o  2- 


f.  0- 

9 

o 

2  -2- 


0  5  10  15 

time  (sec) 

Figure  6.  Structural  response  using  GSF  c(»trol  during  a  30*  slew. 


The  final  control  strategy  was  to  use  the  iumve  strut  as  a  colocated  sensm/actuator.  The 
design  method  was  Positive  Position  Feedback  (PPF).  It  is  a  type  of  second  order  filtering 
which  has  good  robustness  and  stability  properties  [1 1]. 

The  objective  is  the  same  as  before,  suppress  the  torsional  motion  without  destabilizing 
higher  modes.  For  the  colocated  case,  stability  boundaries  are  much  better  defined  since 
the  phase  of  the  transfer  function  lies  between  0  and  '180*  over  most  of  the  frequency 
range.  Use  of  PPF  control  allowed  for  a  much  easin' design  process.  Only  two  iterations 
were  necessary  to  obtain  a  satisfactory  result,  as  opposed  to  die  five  or  needed  for  GSF 
control. 


Gppfis)  —0.7 


+  2  ^fOifs+  03 f 
oif-  33.14  rad/s  ^  =  0.15 


r 


Implementation  of  this  control  law  increased  the  damping  in  the  torsional  mode  from  about 
0.82%  to  3.8%  critical,  almost  a  factw  of  5  better.  The  slewing  reqmnse  (Figure  7)  is  not 
as  impressive  as  the  one  for  the  non-colocated  control  (Figure  6),  but  it  is  of 

tile  motor.  With  this  type  of  contrc^  disturbance  rejection  is  achieved  the  active  strut 
serves  as  the  actuator  as  well  as  the  senstv. 


Figure  7 .  Structural  response  using  PPF  control  <hi  die  active  strut  Slew 
maneuver  is  30*. 


This  last  control  experiment  illustrates  an  in^xntant  point  about  slewing  an  active  structure. 
The  advantages  are  that  a  number  of  separate  colocated  sensor/actuator  pairs  can  be  used 
for  both  vibration  suppression  and  disturbance  rejection.  This  alleviates  the  problem  that 
the  static  friction  played  when  using  non-colocated  control  and  allows  more  flexibility  in 
designing  control  laws.  This  was  especially  apparent  in  this  case,  since  the  rfnminant 
torsional  motion  was  not  well  controlled  by  motor  control  alrnie. 

6 .  Objectives 

The  global  objective  of  the  proposed  work  is  to  model  and  experimentally  verify  the 
slewing  of  a  smart/intelligent  beam  and  a  slewing  active  frame  system  complete  with 
actuator  dynamics,  passive  damping  mechanisms  and  smart  (piezoactive)  system 
components. 
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The  approach  to  be  taken  in  modeling  is  to  combine  distributed  parameter  equations  for  the 
actuating  and  sensing  piezoelectric  devices  with  those  of  the  flexible  structure  by  using 
Euler  Lagrange  Equations.  This  approach  also  allows  for  the  natural  inclusion  of  the 
slewing  actuator's  dynamics.  To  date,  only  simple  proportional  control  has  been  illustrated 
in  the  literature  and  at  various  laboratories.  The  approach  here  uses  segmented  actuators 
and  sensors  to  produce  a  multi-input  multi-output  system  so  that  modem  control  methods 
such  as  optimal  control  (minimum  time/tracking)  can  be  implemented  and  tested  They  will 
be  used  to  determine  the  design  producing  the  most  favorable  closed  loop  response.  The 
prediction  will  be  experimentally  verified 

The  approach  taken  fOT  die  slewing  frame  is  finite  element  based  Both  passive  constrained 
layer  damping  treatments  and  piezoactive  treatments  will  be  used  to  replace  a  frame 
element  A  piezoactive  frame  element  will  be  consmicted  and  modeled  to  produce  an  active 
frame  longeron.  The  active  frame  element  is  a  unique  concept  which  produces  bending 
control  in  the  frame  which  will  be  combined  with  the  slewing  motor  control  to  produce 
desired  vibrations  suppression  for  improved  performance. 

7 .  Status 

The  significant  accomplishment  during  this  repenting  period  is  the  thewetical  prediction  and 
experimental  verification  that  torsional  modes  in  slewing  two  dimensional  flexible 
structures  require  the  use  of  a  secondary  piezoceramic  actuators  (smart  structure)  in  order  to 
reduce  jitter  and  increase  the  closed  loop  performance. 

The  slewing  of  a  structure  that  exhibited  bending  and  torsional  motion  was  examined.  An 
analytical  model  predicted  difficulty  it.  suppressing  the  torsional  vibration  using  a  colocated 
controller  located  at  the  slewing  actuate.  This  was  experimentally  verified  <»  a  testbed  that 
consisted  of  a  flexible  frame  slewed  by  a  dc  motor.  An  active  strut  was  built  by  layering 
piezoceramic  material  on  a  flat  aluminum  bar.  This  strut  was  placed  in  the  frame  and  a 
number  of  control  experiments  were  performed.  A  non-colocated  controller  was  designed 
using  Generalized  Structural  Altering  techniques.  This  adequately  suppressed  the  torsional 
vibrations  but  did  not  provide  any  disturbance  rejection  due  to  static  friction  in  the  system. 
Positive  Position  Feedback  was  then  implemented  using  the  active  strut  as  a  colocated 
sensor/actuator.  Since  this  control  scheme  was  independent  of  die  motor,  it  was  not  limited 
by  the  static  friction.  Having  two  separate  colocated  controllers,  one  on  the  motor  and  one 
on  the  active  strut,  provided  both  vibration  suppression  during  slewing  and  disturbance 
rejection. 
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Modeling  and  Control  of  Intdligent  Flexible  Structure 
-  Smart  Uses  of  Intdligent  Structures 

AFOSR  Technical  Report 

1.  Introduction 

A  great  deal  of  attention  has  been  generated  in  the  past  five  years  regarding  the  use  of 
smart/intelligent  materials  and  structures.  Mudi  attention  has  been  given  to  the 
and  scientific  details  of  various  materials,  material  systems  and  structural  configurations. 
Less  attention  has  been  given  to  the  control  aspects  unique  to  such  systenu.  The  efforts 
of  the  last  ye»r  of  this  program  have  focused  on  active  structures  based  on  piezoelectric 
devices  used  to  control  vibrations.  A  unique  feature  of  the  configurations  considered  here  as 
applications,  is  that  the  use  of  sensors  and  actuators  integrated  into  structural  components 
may  provide  the  only  feasible  method  of  supprening  undesirable  vibration  in  such  structures. 

The  effort  of  the  second  year  of  funding  r^orted  here  has  focused  on  a)  on  comparing 
various  control  methods  on  slewing  frames,  b)  on  controlled  systems  with  repeated  or 
nearly  repeated  natural  frequencies  as  tiplified  by  ribbed  antenna  systems,  and  c)  on  using 
a  nonlinear  controller  to  improve  the  efficiency  of  controlling  coupled  fiexible>rigid  body 
vibration.  The  work  reported  here  is  largely  experimental  in  that  the  control  laws  considered 
are  those  proposed  by  other  researchers  in  the  theoretical  community.  However,  some 
modification  of  these  methods  is  required  in  order  to  actually  implement  them. 

2.  Slewing  EVames 

Space  frames  present  a  useful  model  of  the  solar  panel  system  common  to  most  satellites. 
They  also  present  a  rich  theoretical  abstraction  of  a  fairly  common  practical  problem  which  is 
best  solved  by  the  use  of  smart  structures.  As  an  example  of  such  a  practical  problem,  recall 
the  Hubble  Space  Telescope  (HST)  experience.  Rapid  temperature  changes  induced  rather 
serious  vibration  in  the  HST’s  solar  panels  rendering  the  telescope  disfunctional  for  long 
periods  of  time.  The  problem  was  eventually  reduced  to  tolerable  levels  by  implementing 
active  control  using  the  panels  rigid  body  actuator.  However  this  problem  could  have  easily 
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been  prevented  by  implementing  a  smart  structural  system  in  the  original  design.  The  basic 
difficulty  with  the  current  design  is  that  the  rigid  body  acttiator  associated  with  rotating  the 
solar  array  and/or  extending  the  solar  array  cannot  control  torsional  modes  of  vibration,  or 
plate  modes,  and  solar  arrays  are  rich  with  such  vibration.  While  the  work  presented  here 
is  distinct  from  the  HST  configuration,  the  problem  is  generic  to  any  solar  panel  on  any 
satellite  system. 

The  problem  statement  is  simple:  how  does  one  control  torsional  vibration  with  a  rigid 
body  actuator?  The  answer  is  that  you  don’t.  Rather  a  smart  structures  approach  is  used. 
The  generic  laboratory  structure  considered  is  given  in  Figure  1.  This  device  simulates  the 
dynamics  of  slewing  solar  arrays.  The  modeling,  hardware  development  and  initial  control 
development  for  this  structure  is  given  in  the  previous  AFOSR  report  [1]  and  is  not  repeated 
here.  The  modeling  is  also  paraphrased  in  the  appended  papers  [2,3]. 

i  Slewing  Axis 
i 

DC  Motor  and  Tachometer 


Figure  1  The  testbed  for  slewing  solar  panel  dynamics  and  control 

In  the  initial  study  of  slewing  solar  arrays  given  in  [1] ,  the  problem  of  the  uncontroUability 
of  the  torsional  and  plate  modes  was  discovered  in  physical  terms  from  testing.  In  the 
subsequent  year  the  lack  of  controllability  waa  iormalized  using  a  number  of  criteria  [4].  The 


2 


resulta  are  summarized  in  Table  1  which  lists  the  controllability  index  suggested  by 


Table  1:  Relative  controllability  index  for  solar  panel  The 
larger  the  index  the  more  controllable  the  indicated  mode  is. 


Mode 

Motor  Control  Only 

Smart  Strut  Only 

1st  Torsion 

0.692 

1st  Bending 

14.287 

2nd  Torsion 

1.029 

1st  Plate 

1.262 

3.225 

2nd  Bending 

6.513 

2.808 

Hamdan  and  Nayfeh  [4].  Note  that  the  torsional  modes  and  the  plate  modes  with  the  motor 
(rigid  body  actuator)  as  the  only  control  input  have  very  low  relative  controllability  index 
indicating  that  the  primary  rigid  body  actuator  will  not  be  able  to  easily  control  these  modes. 
The  second  column  of  the  table  indicates  that  by  using  an  active  member  as  just  one  of  the 
elements  of  the  frame,  the  torsional  and  plate  modes  become  controllable 

With  the  structural  control  system  rendered  controllable  several  control  designs  were 
attempted  and  compared.  First  a  performance  comparison  was  made  between  collocated 
and  noncollated  control  A  second  compariKn  was  made  between  traditional  proportional- 
derivative  control  and  ft  synthesis/ methodology. 

The  initial  study  comparing  the  results  of  collocated  versus  noncollocated  control  involve 
designing  a  controller  that  provides  satisfactory  step  response  (i.e.,  simultaneously  slew  the 
frame  and  suppress  vibration).  Important  performance  criteria  here  include  minimizing  the 
settling  time  and  overshoot  of  the  frame’s  hub  position  as  well  as  suppressing  the  structural 
vibration  induced  during  the  maneuver. 

Here  three  control  laws  are  compared  to  determine  if  collocated  or  uncollocated  control 
configuration  should  be  used.  The  noncollocated  control  configuration  consists  of  using  the 
rigid  body  actuator  as  the  control  input  and  the  smart  structure  as  a  sensor  only.  The 
particular  control  law  diosen  to  implement  is  the  Generalized  Structural  Filtering  (GSF) 
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method  proposed  by  Wei  [5]  coupled  with  PD  control.  This  control  configuration  is  compared 
to  a  collocated  configuration  using  the  smart  structure  as  both  a  sensor  and  an  actuator. 
The  control  law  implemented  in  the  collocated  case  is  the  Positive  Position  Feedback  (PPF) 
method  [6,7]  coupled  with  PD  control.  The  restdts  of  these  two  implementations  are  given 
in  Figure  2  which  also  lists  the  results  of  using  just  PD  control  without  a  smart  structure. 


Figure  2  Comparison  of  collocated  versus  noncollocated  hardware  configurations 
The  figure  shows  clearly  the  following  results 

•  PD  control  alone  does  not  suppress  vibration 

•  using  the  smart  structure  as  a  sensor  only  to  produce  noncollocated  PD  control  using 
GSF  suppresses  vibration,  but  does  so  at  the  expense  of  large  overshoot  and  no  stability 
robustness  with  respect  to  model  error 

•  collocated  control  using  PD  and  PPF  give  low  overshoot,  controls  torsional  vibration 
and  is  robust  with  respect  to  model  error 

Details  of  this  result  can  be  fotmd  in  Leo  and  TnmMi  [gj. 

Now  consider  a  comparison  between  two  collocated,  control  laws:  /x-syothesis  [9-10]  and 
PD  controL  Since  it  is  the  industry  standard  to  model  using  finite  elements  (FEM)  a  finite 
element  model  of  the  test  structure  is  used  here  as  well.  The  basic  problem  with  FEM’s  is 
that  th^  generally  contain  some  error  when  compared  with  physical  experiments.  Hence, 
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the  control  lews  used  muft  be  roboet  with  teq>ect  to  modd  error,  if  they  ere  to  be  applied  to 
real  and/or  ej^Mtimental  devices  as  is  the  case  here.  Two  pomting  control  laws  are  eanmirufttr 

•  proportional  deHvative  control 

•  a  compensation  design  with  /t-synthesis  combined  wtih  PPF 

Basically,  the  PD  controller  is  simple  to  design,  and  certainly  a  favorite  of  practicing 
engineers,  but  lacks  robustness.  The  synthesis  approach  when  combined  with  PPF 
produces  a  high  performance  closed  loop  response  with  good  stability  robustness  to 
parameter  uncertainties. 

Pointing  control  and  vibration  suppression  in  a  slewing  frame  structure  was  achieved  by 
designing  two  independent  control  laws,  ^^bration  suppression  of  the  first  torsional  mode 
was  attained  by  using  a  piezoceramic  active  member  in  a  collocated  feedback  loop.  The 
Positive  Position  Feedback  control  law  was  robust  against  model  error  and  increased  the 
damping  in  the  target  mode  by  a  factor  of  ten.  This  is  because  the  closed  loop  stability  of 
a  PPF  control  law  depends  only  on  knowledge  of  the  structure’s  frequencies  and  structural 
frequencies  are  the  physical  quantity  which  has  the  most  accurate  measure  from  tests.  Two 
separate  pointing  controllers  were  examined;  a  simple  Proportional-Derivative  compensator 
and  a  more  sophisticated  design  using  /t-synthesis  techniques.  Structural  ningnlar  value 
plots  illustrated  that  the  PD  compensator  was  sensitive  to  the  high  frequenqr  dynamics  of 
the  fraime.  When  experimentally  implemented,  this  control  law  destabilized  the  system  as 
predicted  by  the  robust  stability  analysis.  After  changing  the  position  and  vebcity  gains, 
the  system  remained  stable  but  produced  unsatisfactory  results  (16%  steady  state  error  or 
55%  overshoot).  The  pointing  controller  designed  with  ;t-synthesis  techniques  resulted  in  a 
superior  stq>  response.  During  a  20”  slewing  maneuver,  this  design  produced  a  step  response 
with  7%  overshoot,  2  second  settling  time,  and  less  than  2%  steady  state  error.  With  the 
supplementary  PPF  control  loop  closed,  the  structural  vibrations  were  suppressed  4  seconds 
after  the  hub  position  eama  to  rest.  Without  the  supplementary  control,  the  firame  vibrated 
for  over  30  seconds  after  the  end  of  the  slewing  maneuver. 
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The  m&jor  contribution  here  if  that  the  experinaental  implementation  of  a  raurt 
ftructural  control  syatem  requirea  a  robuft  control  formulation,  and  that  smart  structures 
need  to  be  used  in  controlling  a  certain  class  of  devices  with  dynamica  to  those  found 
in  solar  arrays  common  to  satellitea. 

3.  Modeling  and  Control  of  Systems  with  Nearly  Repeated  Modes 

Control  of  systems  with  repeated  or  nearly  modes  is  a  relatively  common  problem 
addressed  in  the  large  flexible  spacecraft  discipline.  Here,  however  a  hardware  solution 
is  proposed  to  this  problem  using  the  capability  of  smart  structures.  Modem  control  theory 
calls  for  one  actuator  for  each  repeated  mode.  Here  this  is  made  possible  by  integrating 
piezoceramic  devices  throughout  the  structure,  using  them  as  sensors  and  actuators  and 
developing  an  appropriate  control  and  modeling  scheme. 

To  explain  this  approach,  an  experimental  model  of  an  8>ribbed  antenna,  common  to 
satellites  is  used.  Figure  3  shows  a.  schemaric  of  the  experimental  test  bed.  Such  antenna 


Figure  3  An  experimental  smart  antenna  illustrating  (at  left)  the  bowed  ribs  and 
(at  tight)  the  location  and  size  of  the  integrated  sensors  and  actuators 

eriiibit  substantial  repeated  nattiral  frequencies.  Such  structures,  because  of  their  unique 
curvature,  are  difficult  to  model  uring  standard  finite  element  methods.  Rather  a  lumped 
model  as  pictured  in  Figure  4  is  used.  This  model  uses  spring  stiffners  for  the  antenna’s 
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figure  4  An  8  degree  of  freedom  lumped  mam  modd  of  the  ribbed  antenna  in 
the  previous  figure.  The  hub  at  the  center  ii  ***w*"**^  rigid. 

connections,  torsional  springs  for  hub  connection  and  models  the  ribs  themselves  as  lumped 
masses.  This  model  displays  most  of  the  important  dynamics  of  the  experimental  apparatus. 
Figure  5  illustrates  a  comparison  between  the  analytical  modd  obtained  from  Figure  4  and 


Figure  5  Experimental  (solid  line)  and  theoretical  transfer  function  (dotted  line) 

magnitude  plots  for  the  antenna. 

the  experimental  magnitude  plot  of  the  structure.  The  agreement  is  very  good  in  magnitude 
but  poor  in  high  frequenqr  phase.  The  details  are  presented  in  [11].  Two  different  control 
schemes  were  used  for  implimenting  active  vibration  suppression  for  this  systeirL  They  are 
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Podti've  Pootion  Feedl>«ck  (PPF)  «nd  the  Acthre  Vibration  Abiorber  (AVA)  method.  Each 
method  takae  advanta^  of  the  structure  of  second  order  system  to  claim  closed  loop  stability 
in  the  face  of  high  gain.  The  work  here  shows  that  these  two  methods  are  related,  as  PPF 
if  a  subset  of  AVA  and  that  AVA  actually  suffecs  from  high  gain  instability  when  applied 
to  systems  with  unmodeled  high  frequency  dynamics  such  as  a  ribbed  antenna.  This  is 
illustrated  dearly  in  Figure  6.  Each  of  these  methods  have  been  modified  to  advantage 


Figure  6  Comparison  of  PPF  and  AVA  for  the  single  degree  of  freedom  case 
of  displacement  feedback.  Note  the  high  gain  instability  for  AVA. 


of  recent  results  in  stability  of  second  order  systems  by  using  symmetrisability  conditions 
[12]  and  new  definite  tests  [13].  As  detailed  in  [14],  two  second  order  oontoUers  have  been 
developed  and  experimentally  implemented  on  the  antenna  testbed.  Theoretical  stability 
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bouadf  were  alio  derived,  with  PPF  contnd  being  conditionally  itable  and  AVA  control 
being  unconditionally  liable.  An  important  difference  between  the  two  typei  of  control  wai 
that  a  PPF  filter  rolli  off  at  higher  frequendei  while  the  AVA  controller  4  oonitant 

gain.  The  roll  off  characteriitic  of  PPF  ii  an  advantage  lince  it  makei  it  len  leniitive  to 
unmodded  dynamic!.  In  real  lyitemi,  that  liability  of  the  AVA  control  ii  determined  by 
the  high  frequenqr  responie  of  the  structure,  whidi  ii  often  not  known  with  any  accuracy. 

Both  types  of  control  were  successfully  implemented  on  the  smart  The 

performance  of  PPF  and  AVA  were  compared  on  a  SISO  design  using  one  active  rib.  Each 
design  consisted  of  only  one  second>order  controller  since  numerical  aiTnulatinmii  indicated 
that  there  was  no  significant  advantage  in  using  multiple  filters.  Both  types  of  control  were 
able  to  increase  the  damping  in  the  target  modes.  PPF  control  produced  better  results 
since  it  was  not  limited  by  unmodeled  dynamics.  Unfortunatdy,  the  SISO  controller  did  not 
adequately  address  the  problem  of  repeated  natural  frequencies.  A  MIMO  controller  was 
implemented  using  PPF  control  on  ribs  1  and  2.  Not  only  did  not  the  MIMO  controller 
improve  the  overall  performance,  it  was  able  to  add  damping  to  a  repeated  mode  at  9.7  Hz. 

4.  Experimental  Use  of  Nonlinear  Controllers 

A  comparison  between  linear  control  and  nonlinear  control  of  a  distributed  parameter 
system  (experimental)  consiiting  of  a  slewing  flexible  beam  was  performed.  The  experimental 
researdi  sought  to  determine  the  advantage  of  nonlinear  control  over  linear  control  for  a  linear 
distributed  parameter  system. 

The  strongest  argument  for  using  nonlinear  control  is  that  it  can  significantly  improve  the 
performance  over  linear  control  schemes.  This  can  be  shown  in  simulations,  where  the  step 
response  rise  time,  settling  time  and  overshoot  are  significantly  smaller  than  the  response 
when  linear  control  is  used.  Lewis  [15]  showed  the  response  of  a  second  order  system  can 
be  improved  by  constructing  a  variable  damping.  He  used  position  times  vdodty  feedback 
to  diminate  overshoot  and  improve  the  settfing  time  of  a  positional  servomedianiam.  More 
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recently,  CeateUao  end  Lee  [16]  propoeed  niing  the  leaus  type  feedbed  to  improve  the 
teeponie  of  e  ilewing  beem  system.  They  considered  e  nonlinear  feedbadc,  where  state 
positions  and  state  velodites  were  multiplied.  A  heuristic  method  was  proposed  to  tune 
the  nonlinear  feedback  gains  and  the  resulting  performance  was  better  than  the  performance 
provided  by  an  optimal  linear  controller.  Thi^  provided  simulation  results  for  a  slewing  beam 
to  verily  the  method.  Others,  such  as  Kuo  and  Wang  [17],  have  proposed  nwwg  nonlinear 
controllers  to  improve  the  robustness  of  a  more  complicated  two  link  maniuplator. 

Initially,  the  purpose  of  this  work  was  to  experimentally  verify  the  simulation  results 
found  by  Castelaao  and  Lee.  However,  to  insure  global  stability,  their  proposed  feedback 
required  a  simple  modification.  Also,  implementing  full  state  feedback  is  difficult  and 
as  a  result,  proportional  plus  derivative  feedback  control,  which  lends  itself  well  to 
experimentation,  was  chosen  for  this  purpose.  Angular  position  and  angular  velocity  are 
easily  measured  on  the  experimental  apparatus.  The  nonlinear  feedback  consisted  of  the 
angular  position  times  the  angular  velocity  and  the  objective  was  to  show  that  the  system 
using  nonlinear  feedback  provided  better  results  than  the  system  using  the  best  available 
linear  feedback. 

Table  2  Total  Energy  Input  to  the  Motor  for  the  Simulated  30” 

Slewing  Manuever  using  the  lentified  Plant  Model 


Linear 

17.4J 

Nonlinear 

12.1J 

%  reduction 

30.6% 

Comparing  this  result  to  the  theoretical  model  simulations  shows  a  significant  difference. 
The  maxiinuTn  power  for  the  theoretical  model  simulations  was  approximately  245  W  and 
for  the  pole  wo  model  simulations,  the  peak  power  input  was  95  W.  For  both  models,  the 
motor  current  was  the  first  constraint  to  be  exceeded.  That  is,  at  some  instant  of  time 
for  both  models,  the  motor  current  exceeded  its  allowed  value.  Therefore,  the 
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differoice  in  the  power  plots  lies  in  the  simulated  ennatnre  voltages.  Along  with  this,  the 
energy  consaxxq>tion  found  in  the  theoretical  model  simulations  was  more  than  two 
that  of  the  pole  aero  modd  simulations.  These  observations  emphasiae  that  the  diference 
between  the  two  models  lies  in  the  mode  shapes,  which  can  be  explained  as  follows.  First, 
the  armature  voltage  is  a  function  of  the  controller  gains  and  the  controller  gains  were  much 
larger  for  the  theoretical  model  simulations.  The  magnitude  of  the  terms  in  the  theoretical 
model  feedback  matrices  were  small  (they  are  hmctions  of  the  mode  shapes),  therefore,  large 
gains  were  required  to  produce  adequate  results.  Large  gains  translate  to  large  voltages 
in  the  motor.  This  explains  the  sizable  difference  in  the  energy  results.  Also,  much  more 
damping  was  present  in  the  pole  zero  model,  while  the  damping  matrix  of  the  theoretical 
model  (which  is  a  function  of  the  mode  shapes)  was  small.  Larger  derivative  feedback  gains, 
which  are  not  necessary  for  the  pole  zero  model  simulations,  are  required  for  the  theoretical 
model  to  make  up  for  this  inadequacy.  Perhaps  including  internal  (material)  damping  in  the 
theoretical  model  or  increasing  the  term  corresponding  to  the  bearing  friction  in  the  model 
would  produce  closer  results  for  the  two  models.  For  the  simulations  using  the  theoretical 
model,  increasing  the  feedback  gains  increases  the  motor  voltage,  restilting  in  larger  energy 
consumption  results.  These  observations  imply  that  the  main  difference  in  the  models  is 
found  in  the  assumed  mode  shapes  and  the  lack  of  an  internal  damping  model  for  the  beam. 

The  simulation  results  using  the  pole  zero  model  were  the  most  promising  results  obtained 
up  to  this  point.  These  simulations  used  a  model  obtained  from  data  of  the  experimental 
system  and  therefore,  they  provide  the  most  optimistic  result  that  the  simulated  observations 
can  be  implemented  on  a  real  system. 

Simulations  are  valuable  in  examining  the  dynamics  of  systems.  In  this  work,  simulating 
various  forms  of  feedback  and  using  different  plant  models  provided  valuable  information 
about  the  system  before  any  experiments  were  attempted.  A  PD  controller  was  constructed 
for  the  slewing  beam  and  an  experiment  was  performed.  Then,  the  nonlinear  feedback  was 
added  to  the  controller  and  another  experiment  was  performed. 
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It  u  important  to  note  that  this  study  was  initially  conducted  to  verify,  through 
experimentation,  that  the  proposed  nonlinear  feedback  control  could  be  used  to  improve  the 
response  of  slewing  beam  systems.  A  natural  extension  of  this  investigation  was  to  detomine 
the  cost  of  the  improvement  in  performance.  There  may  be  other  control  strategies  which 
provide  «mil^  responses  while  using  even  less  energy.  The  purpose  now  is  to  show  that  it 
is  possible  to  reduce  the  energy  requirements  of  this  system  with  no  loss  in  performance. 
We  have  found  through  simulations  and,  as  will  be  seen,  through  experimentation  that  even 
when  there  is  no  visual  improvement  in  the  performance  as  measured  with  respect  to  settling 
time  or  rise  time  or  overshoot,  there  is  a  significant  improvement  in  the  energy  required  when 
the  proposed  nonlinear  control  is  used  in  addition  to  the  linear  control. 

The  controllers  were  implemented  in  the  same  manner  as  in  the  simulations.  The  beam 
tip  acceleration  was  measured  and  used  as  an  indicator  of  the  closed  loop  performance. 
Angular  position  at  the  slewing  axis  was  measured  with  a  potentionmeter  and  angular 
velocity  was  measured  with  a  tachometer  mounted  at  the  motor  and  input  to  an  analog 
computer,  where  the  PD  and  PD  plus  nonlinear  controllers  were  constructed.  An  EAI 2000 
analog  computer  manufactured  by  Electronic  Associates,  Inc.  was  used.  The  output  signal 
from  the  analog  computer  was  amplified  and  input  to  the  motor.  A  block  diagram  of  the 
closed  loop  system  is  given  in  Figure  7.  The  controller  gains  were  adjusted  until  the  fastest 
settling  time  was  obtained.  The  time  responses  are  shown  below  for  the  PD  controlled 
slewing  beam.  The  beam  is  given  an  angular  displacement  of  30°  and  slewed  to  0°.  The 
beam  tip  acceleration  versus  time  is  shown  in  Figure  8.  The  instantaneous  power  versus 
time  curve  was  obtained  by  multiplying  the  time  histories  of  the  motor  voltage  and  current 
together. 

The  proportional  gain  determined  in  the  experiments  was  the  same  as  the  proportional 
gain  in  the  pole  zero  model  simulations.  The  derivative  gain  was  smaller  in  the  experiments 
than  in  the  simulations,  since  the  settling  time  increased  and  the  amplifier  saturated  when 
higher  gains  were  used. 
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Figure  7  Qosed  loop  PD  plus  nonlinear  feedback  control  system. 


Figure  8  Beam  tip  acceleration  versus  time. 

These  experimental  responses  are  comparable  to  the  simulated  responses.  In  general, 
the  experimental  result  shows  less  damping  than  the  simulation.  The  overshoot  is  larger  and 
the  settling  time  is  also  larger  than  the  simulation  predicted.  As  mentioned  earlier,  it  was 
believed  that  the  daiiq>ing  in  the  pole  zero  niodel  was  larger  than  the  actual  systan.  These 
results  confirm  this  bdief.  The  settling  times  of  the  angular  position  at  the  slewing  axis  and 
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of  the  beam  tip  are  approximately  2  seconda  each.  Integrating  under  the  power  curve,  the 
total  energy  input  to  the  motor  for  the  PD  controlled  lyitem  waa  16.3J. 

Next,  nonlinear  feedback  waa  added  to  the  PD  controller  eatabliahed  above.  The 
nonlinear  feedback  is  the  abaolute  value  of  the  angular  poaition  multiplied  by  the  angular 
velocity  and  the  nonlinear  feedback  gain.  The  reault  ia  aubtracted  from  the  PD  feedback 
aignal  to  obtain  the  nonlinear  control  a3r8tem. 

The  aettling  times  of  the  angular  poaition  and  tip  acceleration  are  seen  to  be 
approximately  2  seconda.  Integrating  under  the  power  curve,  the  total  energy  input  to 
the  motor  for  the  nonlinear  feedback  system  was  13.7J. 

The  nonlinear  feedback  gain  waa  set  at  a  small  value  since  larger  nonlinear  gains  saturated 
the  amplifier.  For  the  PD  case  only,  setting  the  proportional  and  derivative  feedback  gains 
lower  produced  time  responses  with  larger  overshoot  and  longer  settling  times.  As  a  resTilt  of 
the  lower  PD  gains,  the  nonlinear  feedback  gain  could  be  set  to  larger  values  and  significant 
improvements  in  ovemhoot  and  settling  time  were  obtained,  confirming  the  observations 
discussed  earlier.  Thiu,  it  was  verified  that  the  proposed  nonlinear  feedback  control  could  be 
used  to  improve  the  closed  loop  performance  of  the  linear  system.  The  plots  are  not  included 
here  since  the  objective  of  this  work  was  to  find  the  best  experimental  PD  controller,  then 
add  as  much  nonlinear  feedback  as  possible  (before  saturating  the  amplifier}  and  compare 
the  energy  requirements  of  each  system. 

Consider  the  experimental  time  responses.  The  angular  position  and  beam  tip 
acceleration  settled  in  2  seconds  for  both  the  linear  and  nonlinear  control  systems 
implemented.  There  was  a  small  decrease  in  overshoot  in  the  angular  position  for  the 
nonlinear  feedback  result,  but  this  is  not  readily  apparent  in  the  figures  shown.  In  general,  the 
angular  poaition  ahovrs  an  underdamped  response  for  both  the  linear  and  nonlinear  feedback 
results.  Now,  consider  the  time  responses  of  the  beam  tip  acceleration.  The  nonlinear 
feedback  result  shows  a  small  decrease  in  magnitude  of  the  peak  accelerations.  This  ia  the 
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Mine  result  noticed  in  the  simulations  performed. 

FWUy,  the  power  plots  that  the  system  using  nonlinear  feedback  required  less  energy 
than  the  system  using  the  linear  feedback  alone.  The  peak  magnitude  of  the  instantaneous 
power  input  to  the  system  decreased  by  approximatdy  10%.  Integrating  under  the 
instantaneous  power  versus  time  curves  gives  the  total  energy  input  to  the  motor  during 
the  control  maneuver.  The  results  are  shown  in  Table  3.  A  15.6  %  decrease  in  energy 
resulted  for  the  system  using  nonlinear  control  than  for  the  system  using  linear  control, 
while  the  petformance  was  virtually  the  same  for  both  control  methods.  Therefore,  it  is 
possible  to  add  nonlinear  feedback  of  the  form  proposed  here  to  a  linearly  controlled  system 
and  save  energy,  while  obtaining  the  same  performance  In  every  other  respect. 

Table  3  Total  Energy  Input  to  the  Motor  for  the 
Experimental  30"  Slewing  Maneuver 


Linear 

16.3J 

Nonlinear 

13.7J 

%  reduction 

15.6% 

Figures  9-12  illustrate  the  effectiveness  of  the  nonlinear  controller. 

250-1 


s  150 

I  100 


on  oj  1.0  u  2.0 

Hme  (seconds) 

Figure  9  Instantaneous  power  versus  time. 

Initially,  the  purpose  of  this  work  was  to  experimentally  verify  that  a  specific  nonlinear 
feedback  control  could  be  used  to  improve  the  performance  of  a  closed  loop  system  using 
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Figure  10  Angular  position  at  tiie  slewing  axis  versus  time  (nonlinear  feedback). 


Figure  II  Beam  tip  acceleration  versus  tixne  (nonlinear  feedback), 
linear  control.  A  slewing  beam  system  was  chosen  to  implement  the  nonlinear  control 
Before  experimenting  with  the  system,  simulations  were  run  to  find  an  acceptable  controller 
to  implement. 

Two  different  controllers  were  studied,  an  LQR.  and  a  PD  controller.  Simulation  results 
showed  that  large  increases  in  performan^  (settling  timg  and  overshoot)  for  the  nonlinear 
system  were  not  obtained  within  the  system  cmutraints.  Usually,  the  motor  current  readied 
its  upper  limit  first.  However,  it  was  noticed  that  the  control  effort  reuqired  by  the  system 
using  nonlinear  control  was  less  than  that  required  by  the  system  using  the  linear  control 


16 


I 


I  F  I  I  I 
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Tune  (seconds) 

Figure  12  Instaateneoua  power  versus  time  (nonlinear  feedback). 

Tbe  objective  of  this  work  then  changed  to  experimentally  verify  that  this  type  of  nonlinear 
control  used  less  energy  than  the  linear  control  when  all  other  measures  of  performance  were 
virtually  unchanged. 

The  PD  result  was  verified  experimentally.  The  best  performance  for  the  linear  control 
was  an  underdamped  response.  Adding  the  nonlinear  fsedback  showed  no  significant 
improvement  in  performance.  However,  when  the  control  efforts  were  compared,  the 
nonlinearly  controlled  system  required  mudi  less  energy  than  the  system  using  linear 
control.  The  conclusion  reached  was  that  the  nonlinear  feedbadc  control  proposed  here 
can  significantly  save  energy,  even  when  no  other  change  in  performance  is  perceived. 
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6.  Review  of  Objectives  end  Status 

The  objectives  of  the  proposed  work  for  the  second  year  of  funding  have  been  met.  In 
particular  it  wu  proposed  to  develop  and  experimentally  verify  and  unplement  vibration 
suppression  control  in  coupled  rigid  fledble  systems  and  systems  with  repeated  modes. 
This  has  been  accomplished.  It  remains  during  the  third  year  to  publish  these  results  in 
journals  and  to  finish  implementing  the  nonlinear  “smarf*  controller,  as  well  as  developing 
the  associated  theory. 
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CONTROL  OF  A  FLEXIBLE  FRAME  IN  SLEWING 
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Abstract 

Many  satellites  require  the  use  of  slewing  solar  panels. 
A  laboratory  model  of  a  slewing  ftame  is  presented  here 
as  an  article  for  testing  control  laws  for  such  solar 
arrays.  A  slewing  frame  presents  a  challenging  control 
problem  because  the  primary  action  of  slewing  induces 
torsional  vibration  which  is  relatively  uncontrollable 
with  re^tect  to  the  slewing  actuator.  An  experimental 
investigation  of  controlling  this  structure  for  combined 
slewing  and  vibration  suppression  is  presented.  The 
frame  is  modeled  using  fi^ie  element  methods  verified 
by  experimental  modal  analysis.  Analytical  results 
indicate  that  the  torsional  motion  can  be  suppressed  by 
including  an  active  scnit  in  the  feedback  loop.  Non* 
colocated  and  colocated  control  laws  are  implemented 
using  the  active  strut  as  a  sensor  and  an  actuator.  The 
relative  effectiveness  of  each  design  in  suppressing  the 
BHsional  motion  is  discussed. 

1.  Introdoction 

In  recent  years,  there  has  been  a  large  amount  research 
on  slewing  structures.  These  structures  present 
challenging  control  problems  since  the  action  of 
slewing  induces  residual  vibrations.  These  vibrations 
can  degrade  performance  when  strtet  pointing  and 
tracking  requirements  are  to  be  mamtained. 

Until  now,  most  of  the  worit  has  concentrated  on  the 
slewing  of  flexible  beams.  For  the  most  part,  tbeae 
structures  exhilnt  only  bending  motioa  when  excited  (1- 
5].  Recently,  research  performed  by  Sakawa  and  Luo  [4] 
smdied  the  control  of  a  flexible  beam  with  an  eccentric 
tip  This  tip  itiAnrmn  fruyimul  vilwtimw 

when  slewed,  aihfing  a  new  dimension  to  the  control 
jnoblem.  They  presented  motor  control  schemes 
designed  to  simultaneously  slew  the  structure  and 
siqtpress  vibratioos. 

This  work  win  also  examine  the  problem  of  slewing  a 
sfrucmre  that  exhibiis  beading  and  torsional  vibrations. 
The  structure  smdied  is  not  a  flexiUs  beam,  though,  but 
a  frame  that  models  the  dynamics  of  a  solar  array.  The 
torsional  motion  indnced  when  slewed  is  relaitivdy 
uncouroUable  using  colocated  motor  coniroL  Smart 
snucture  lechnolo^  will  be  applied  in  an  attempt  to 
suppress  this  motion.  Namely,  a  piezoceramic  strut 
piai^  in  the  frame  win  render  these  modes  cooooUable. 


A  number  of  different  control  laws  will  be 
experimentally  verified. 

2.  Slewing  Frame  Testbed 

A  slewing  frame  was  constructed  to  provide  an 
experimental  testbed  lor  conooL  The  frame  consisaBd  of 
thin-walled  circular  alnmianm  mbing  (Figure  1). 
Slewing  actuation  was  provided  by  an  Electro-Ctaft  670 
dc  motor.  Angular  rate  and  position  sensors  could  be 
used  for  analog  motor  couuoL 


Hgnre  l:  Slewing  RaamTesAed 

An  active  strut  was  designed  and  into  the 

slewing  frame.  It  consisied  of  a  flat  »tnwim«wn  bar 
layered  with  four  piezocezamics  on  eadi  sidg.  Each 
oetamic  was  a  Model  G-11^  fio^Pkzo  Elec^ 
Products  with  dimensious  IS"  x  a7S”  x  0.01*.  The 
strut  was  configured  so  that  it  could  be  used  as  a  sensor, 
an  actnator.  or  as  a  colocated  seasor/actnator  pair. 
Figure  2  is  a  drawiiv  of  the  active  smc.  Theouiput 
fira  the  active  strut  is  praportional  10  the  strain  indnced 
in  the  member.  Couvoady.  the  active  sent  produced  a 
bending  momeru  proportional  to  the  conanandiiqwt 

Annmberof  computers  were  avaHable  far  control  and 
data  acquisition.  A  Comdyna  analog  computer 
was  used  fbr  position  control  of  the  fame  and  various 
signal  operations  (snmmatioa,  sabtiactioa.  etc.). 
Cootttd  laws  for  the  active  stmt  were  haplemaiied  on 
an  Optima  3  digital  controller  «— T”"t  at  1500  Hz. 
Hnally,  data  acqnisitioa  and  frequency  analysis  was 
performed  using  a  Tdctrenix  2^  Fourier  Anaiyaer. 


Figure  2:  Kezocenmic  Active  Strut 

The  objective  of  the  experiinents  was  to  slew  the  frame 
in  a  reasonable  amount  of  time  while  minimizing 
unwanted  vibrations.  Due  to  the  configuration  of  the 
stnicture,  bending  and  torsional  vibradons  were  induced 
when  a  maneuver  was  petfbnned.  The  rest  of  this  paper 
will  deal  with  the  modeling  and  control  aspects  of  this 
problem. 

3.  Modeling  and  Analytical  Results 

A  linear  model  of  the  slewing  frame  was  developed  so 
that  a  number  of  control  laws  could  be  tested 
analytically.  In  physical  coordinates,  this  model  took 
the  form  [3] 


r- 
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'  *[  0  0  J' 
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where  M  and  K  are  the  mass  and  sdffiiess  matrices  of 
the  structure,  reflectively,  Ij  is  the  rigid  body  inertia 
about  the  slewing  axis,  Ib  is  part  of  the  hneractirm 
between  the  rigid  body  and  flexible  motion.  The 
physi^  coordinates  of  the  structure  are  denoted  q.  and 
the  rigid  body  rotation  is  symbolized  by  0.  f  is  a 
matrix  of  applied  forces  and  the  oveidot  ifnesents 
differentiation  with  tespea  to  time. 

To  correctly  model  the  intetactioa  between  the  motor 
and  the  structure,  pinned-finee  natural  fiequendes  and 
mode  shapes  were  used.  The  mass  and  sdfiGaessmatnces 
were  built  using  finite  elements  and  a  modal  test  was 
perftamed  to  ve^  analytical  results  [S].  By  coUecring 
the  normalized  mode  shfies  into  a  matrix  Sq,  equation 
(1)  was  transformed  into  modal  coordinates  by  assuming 
q  a  Sm  r  and  premultiplying  by  Sm*^.  This  yields 
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A  is  a  matrix  of  the  form  diag((oiZ^(Bi^„a>iif2].  and 

Ib  ■  Sm”^  Ib-  I  is  an  N  X  N  identity  matrix,  where  N 
is  the  number  of  flexible  modes  in  the  model. 

The  active  strut  was  modeled  as  a  momern  generator  [6], 
For  simplicity,  it  was  assumed  to  span  the  entire  length 
of  the  struL  Although  not  a  ligotous  model  of  the 
fif^neitcnic  effect,  it  did  pmduce  tatirfWtngy 

To  Study  the  slewing  frame,  a  16  mode  model  was 
developed  using  finite  elements.  The  boundary 
condition  was  chosen  to  be  pinned-fiee.  and  the  natural 
frequencies  and  mode  shapes  were  verified  by  a  modal 
test  Initially,  a  simple  ^portional-Derivative  (PD) 
coiuroller  of  the  form 

Gpd(s)^-Kv  9-  Kp  9  (3) 

was  used  for  position  control  of  the  frame.  The  gains 
were  set  to  values  that  produced  an  adequate  step 
response.  Due  to  the  nature  of  the  boundary  condition, 
this  controller  also  added  damping  to  certain  flexible 
modes.  This  occurs  because  the  pinned*free  condition 
allows  a  large  amount  of  interaction  between  the 
structure  and  the  motor.  In  the  model,  the  damping  in 
the  motor  is  added  to  the  flexible  motkii  through  the 
applied  loads  vecur  f.  Consequently,  derivative  action 
on  the  motor  also  produces  an  increase  in  damping  in 
the  flexible  motion.  Results  of  an  analytical  study 
where  Kps2JandKvs6Jare  given  in  Table  1.  All 
modes  were  initially  assumed  to  be  undanqied. 

Table  1:  NsiutalFtetpimciesand 

Damping  Ratios  in  the  fbadbie  modes  using 

PD  motor  controL 


Mode 

(Dd  (Hz) 

C 

%Critical 

Torsional 

4.37 

0.41 

Bentfinc 

8.87 

11.24 

Torsional 

15.47 

OJO 

Plate 

19.79 

0J3 

Bendine 

27.53 

5.10 

This  soidy  reveals  that  a  simple  PD  motor  control  adds 
a  significant  amount  of  darning  to  the  bending  modes. 
This  is  consistent  with  previous  tesniis  [7].  Table  1 
also  shows  that  the  torsional  motion  is  ^  relatively 
OKtamped. 

In  an  attempt  to  control  the  first  uxsiooal  mode  the 
slewing  fiaine.  an  analysis  was  performed  using  the 
active  strut  as  a  sensor  a^  an  actuator.  Various  control 
laws  were  attempted.  The  two  that  perfixmed  the  best 
were  Generalized  Structural  HltetingCGSF)  and  Positive 
Position  Feedback  (PPF).  Analytical  designs  were 
obtained  using  the  model.  They  indicated  that  the 
damping  in  the  first  torsional  mode  could  be  incteased  to 


S.7  %  ofiaf  die  OSF  nediod  and  to  15  %  uiag  PfF 
oomioL  DmUs  of  dw  actaal  deagns  will  be  pnaeated 
ie  the  foUownig  aacdon. 

4.  EzpcriaMBtal  Basalts 


danpa^  facias  for  die  case  of  eapenoaeaial  FD  ooaaoL 
It  shows  daa  die  colocated  Motor  coBBolMppwsaBS  da 
dominant  beodaig  modoe  bat  leawea  the  tocsioBel  omde 
Uglaly  demped.  This  tread  is  siBuIar  to  die  lesola 
ob»»iaed  stailydcally  with  the  l^M  aadeL 


Analytical  results  indicaied  that  the  tORDoeal  oiodoa  of 
the  bme  was  difScolt  to  suppress  osiai  colocated 
laoiorcoiiicoL  RanhersoidiBS  rewealed  that  by  osiag  an 
active  stmt,  tbese  tORional  vOxadons  could  be  readered 
coatrollable.  Experiineatal  results  support  these 
conclusions  and  provide  statUes  in  the  design  of  acdve 
cootiol  systems  for  flexible  suucuues. 

Three  levels  of  control  were  implemented  on  the 
slewing  firame.  The  first  consisted  of  a  sunpk  PD 
compensator  for  the  motor.  Tliis  was  necessary  in  order 
to  position  the  fiame  and  suppress  the  beading 
vib^ons.  Next,  a  non-colocaied  control  law  was 
designed  to  adetpiately  damp  the  dominant  torskmal 
motion.  Finally,  a  colocated  controller  using  the  active 
sout  was  implemeated  and  the  results  were  compared  to 
the  aon-colocated  case.  Hgure  3  is  a  schcmatir,  of  the 
overall  connol  sduiecture. 


RgoreS:  Slewn^Hmue  Control  Aidutecmre 
Pmnortional.DerivMive  Motor  Comtol 

Tbe  first  control  law  studied  was  a  simple  PD 

compensator  of  the  fonn  given  to  eqoation  (3).  Tbed 
tem  was  the  tachometer  output,  and  9  was  the  stgnal 
from  the  potentiometer.  The  reference  command  was  a 
stqjiinpntof  1  volL  Tina  coneqianded  to  a  30*  skwuig 
maneuver.  The  active  smit  was  only  used  as  a  sensor 
fisf  tfacsc  cs^pcnmcots* 

A  typical  response  of  the  frame  position  is  shown  in 
Hgm  4.  The  settling  tune  for  the  dew  nanenver  is 

about  6  SeOOOdS.  Tw  aH<Htiqn  m  iIm  pnaitirp 

of  the  ft**"*^  tile  PD  has  the 

effect  of  suppressing  the  bending  asotion. 
Uoforamaidy,  the  torsional  motioa  is  still  relatively 
wdamped.  even  with  quite  aloe  of  derivatire  action  on 
the  motor.  Table  2  Uatt  tbe  naimal  fkeqoeadea  and 


Table2:  I^mtal  frequencies  and  damping  ratios 
for  experimental  PD  contrd. 


Mode 

mddk) 

c 

%Ciitical 

Tofsknsl 

4J2 

Bendais 

7.68 

9.18 

Totsiooal 

14.11 

126 

Plate 

20.76 

0.94 

Benins 

2625 

1J2 

Daring  dtis  maneuver,  the  sensor  output  of  the  active 
stm  during  a  30*  slew  is  shown  in  Rgure  5.  This 
iUustcatBs  the  Ughdy  daniped  tooional  mode.  The4J2 
Ik  vSnatiou  does  not  settle  for  over  30  seconds,  well 


maneuver  with  oitiy  PD  cootroL 


I 


One  pcobkffl  tha  became  impenam  dnxing  the 
experimeats  was  static  firictioa  in  the  motor  and 
bearings  This  preblem  is  evidem  in  Fignre  4.  The 
sodden  Slop  of  tte  skwtag  maneiiver  is  doe  to  the  fiat 
that  the  motor  CMBOt  owetcome  the  dry  hictioainthe 
system.  Hds  prabiem  ams  even  tnaie  important  when 
ccotiol  laws  wem  a^temeoted  to  soppiess  the  totsiaaal 
motion  of  the  ftame.  TOs  will  be  discassed  in  the  next 

fiflii  no  mln««»iiwl  r^^wimL 

N»n4-!nlnaiiiid  Conmd  nsing  the  Active  Stmt 

To  sopplement  the  PD  compensator,  a  non-colocated 
contiolkr  was  designed  to  add  damping  to  the  torsional 
mode.  The  dmign  tool  was  a  method  called  Generalized 
Stnjctoral  rateiing  (GSF).  The  GSF  method  uses  non* 
minimum  phase  second  order  filters  to  successively 
st^nlize  stroctmal  poles.  Ihe  design  is  done  iteratively, 
using  ’classical*  tectauques  of  root  locus  and  Bode  plo& 
For  a  detailed  desetiptiaa  of  GSF  control,  see  [8]. 

For  this  particular  appUcation.  die  design  steps  were  as 
follows.  Initially,  a  tmasCer  fijncoon  was  taken  between 
the  motor  input  and  the  active  strut  outpuL  A 
commercially  available  Recurave  Least  Squams  package 
used  the  time  domain  data  to  obtain  a  pole-zero  model 
[91.  ^m  this  model,  toot  locus  and  Bode  plots  could 
be  used  to  design  a  compensator.  The  obje^ve  of  the 
design  was  to  add  damping  to  the  torsional  motion 
without  destabilizing  lugher  fi«qoency  dynamics.  In  an 
attempt  to  attenuate  the  high  frequency  content  of  the 
control  signaL  it  was  filtered  at  20  Hz  with  an  Ithaca  24 
dB/octave  low-pass  filter.  A  number  of  designs  were 
attempted,  with  varying  degrees  of  success.  Each  design 
was  tested  experimentally  by  feeding  back  the  active 
strut  ouqmi  into  the  dc  mocor  and  performing  a  slewing 
oumeuver.  All  but  the  final  compensator  caused 
instabilities  in  the  flexible  motion  when  experimentally 
implemented.  The  final  GSF  controller  the  fonn 


during  a  30*  slew. 

To  alleviate  this  problem,  one  of  two  things  could  be 
(fame.  Quite  simply,  the  first  solntioii  is  to  reduce  the 
static  friction  by  using  beaer  hardwire.  The  less  aS  a 
deadband,  the  more  effective  this  type  of  controller  will 
be.  But  since  aH  real  systems  have  static  friction,  a 
mere  practical  approach  would  be  to  pot  both  the  sensor 
and  actuator  on  the  flexible  structure  [10].  If  this  is 
done,  then  the  vibration  suppression  of  the  tocsiooal 
motion  would  be  indqiendent  of  the  slewing  actoaior. 
This  colocated  controller  conld  suppress  vibrations 
during  a  slew  maneuver  as  well  as  reject  distnifaances. 
The  last  experiment  deals  with  this  type  of  design. 

Control  using  the  Active  Strut  as  a  Cotocated  Sensor 
Acawatnr 

The  final  control  strategy  was  to  use  the  active  strut  as  a 
colocated  sensor/KUiaior.  The  design  method  was 
Positive  Position  Feedback  (^F).  It  is  a  type  of 
second  order  filtering  which  has  good  robustness  and 
stability  properties  [11]. 


(sl20*I)(s-29Jt  i34.2) 
a  ,07  ~  (4) 

(s/40+1)  (s  +  26.0  t  j  30.4) 

Equation  (4)  is  the  combination  of  a  simple  lead  and  a 
non-minimum  phase  filter.  Rgure  6  shows  the 
response  of  the  structure  during  a  30*  slewing  maneuver 
with  GSF  control  on.  The  torsional  motion  is 
adequately  damped  out .  i.e.  by  the  time  die  slewing  is 
over  (•  7  s).  die  vibrations  have  ceased. 


The  objective  is  the  same  as  before,  suppress  the 
torsion^  motion  without  destabilizing  higher  modes. 
For  the  colocated  case,  stability  boundaries  are  much 
better  defined  since  the  phase  of  the  transfer  function  lies 
between  0  and  -180*  over  most  of  the  frequency  range. 
Use  of  PPF  control  allowed  for  a  much  easier  design 
process.  Only  two  iterations  were  necessary  to  obtain  a 
satisfaemry  result,  as  opposed  to  the  five  or  needed  for 
GSF  control. 


Even  though  this  method  damps  out  die  torsional 
motion  during  a  slew  maneuver,  the  deadband  in  the 
motarmakes  it  ineffective  fiv  disturbance  rejection.  If 
some  type  of  input  was  applied  to  the  fwe  (e.g. 
thermal  shock  of  a  solar  panel)  when  it  was  not 
slewing,  the  controller  could  not  react  until  it  overcame 
the  static  friction  in  the  system.  Thus,  the  static 
friction  limits  the  effectiveness  of  this  non-colcxated 
comroL 


Cppf(s)  -0.7  -5 — - y  (3) 

cuf*  33.14  radls  ^•O.JS 

Implementation  of  this  control  law  increase  .  the 
damping  in  the  torsional  mode  from  about  u.d2%  to 
3JS%  critical,  almost  a  Uevor  of  5  beaer.  The  slewing 
response  (Figure  7)  is  not  as  impressive  as  the  one  for 


the  noo-colocaied  control  (Figure  6).  but  it  is 
iodqieiKfent  of  the  motor.  With  this  type  of  control. 
distinAMnce  rejectioo  is  achieved  since  the  active  sKnt 
serves  as  the  acamiar  as  well  as  the  sensor. 


Figme  7:  Structnral  response  using  FfF  control  on 
the  active  strut.  Slew  maneuver  is  30*. 


This  last  control  experiment  illustrates  an  important 
ppif^T  about  slewing  an  active  siructnte.  The  advantages 
are  that  a  number  of  separate  colocated  sensor/actnator 
pairs  can  be  used  fot  both  vibration  snppressitm  and 
rejection.  This  alleviates  the  problem  that 
the  Mcdon  played  when  using  non-colocaied 
control  and  allows  more  flexibility  in  designing  control 
laws.  Tliis  was  especially  apparent  in  this  case,  since 
the  dominant  torsional  motion  was  not  well  controlled 
by  motor  control  alone. 

5.  Conclusions 

The  slewing  of  a  structure  that  exhibited  bending  and 
torsional  motion  was  examined.  An  analytical  model 
predicted  difficulty  in  sigipressing  the  torsional  vibration 
using  a  colocated  controller  located  at  tbe  slewing 
actuator.  This  was  experimentally  verified  on  a  tesdxd 
that  consisted  of  a  flexible  ficame  slewed  by  a  dc  motor. 
An  active  strut  was  built  by  layering  piezoceiamic 
material  on  a  flat  aluminum  This  strut  was  placed 
in  the  fiame  and  a  number  of  control  experiments  were 
performed.  A  non-colocated  controller  was  designed 
using  Generalized  Structural  FOteiing  teclmiqpes.  This 
adequately  suppressed  the  torsional  vibrations  bot  did 
not  provide  any  disturbance  rejection  due  to  static 
fiict^  in  the  system.  Positive  I^don  Feedback  was 
then  implemetued  using  tbe  active  strut  as  a  colocated 
sensor/actnator.  Since  this  control  scheme  was 
indepoident  of  the  motor,  it  was  not  limited  by  the 
static  friction.  Having  two  separate  colocated 
conirollets,  one  on  the  motor  arxl  one  on  the  active 
strnt,  provided  both  vibration  snppression  during 
slew^  and  distntbance  rejection. 
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ABSTRACT 

A  testbed  consisting  of  a  flexible  frame  slewed  by  a  dc  motor  is  modeled  for  active 
vibration  suppression.  This  presents  a  challenging  control  problem  since  die  primary 
action  of  slewing  induces  both  bending  and  torsional  vibrations  in  the  structure.  Inserted 
into  the  frame  are  two  active  members  that  can  be  used  as  self-sensing  actuators  in 
feedback  control  loops.  First,  a  model  for  the  slewing  frame  is  developed  using  Lagrange's 
equations  and  finite  element  approximations.  The  interactions  between  the  structure  and 
the  slewing  actuator  are  then  derived  from  the  equations  for  a  dc  motor.  Similar 
expressions  are  obtained  for  the  forces  applied  to  the  structure  by  the  active  elements.  A 
detailed  model  of  the  self-sensing  actuator  is  provided  which  includes  the  terms  due  to 
actuator  and  sensor  dynamics.  A  theoretical  study  is  then  conducted  to  obtain  control  laws 
that  simultaneously  slew  die  frame  and  suppress  die  residual  vibrations.  Simulatitm  results 
indicate  that  the  dc  motor  is  effective  in  slewing  the  frame  and  suppressing  the  bending 
motion  but  not  the  torsional  motion.  Hence,  the  torsional  vibrations  are  suppressed  using 
die  active  members  in  colocated  feedback  loops. 


1 


1.  bitroducdcm 


The  slewing  of  flexible  stroctuies  is  a  challenging  control  problem  due  to  the  coupling 
between  the  rigid  body  and  elastic  modon.  The  primary  acdon  of  rotating  the  flexible  body 
induces  vibradons  that  cause  a  considerable  degradadon  in  syoem  performance.  This 
problem  is  important  in  the  space  structures  community  due  to  the  high  flexibility  and  stria 
performance  requirements  of  future  space  missions. 

Much  of  the  research  performed  in  this  area  has  concentrated  on  implementing  acdve 
control  laws  to  simultaneously  slew  the  structure  and  suppress  vibradons.  Early  work 
performed  by  Juang,  Horta,  and  Robertshaw  (1986)  examined  the  acdve  conool  of  a  large 
slewing  beam.  They  developed  a  model  for  the  structure  and  used  a  dc  motor  as  the 
acmator  in  a  feedback  loop.  Vibradon  suppression  was  obtained  by  noounting  a  strain  gage 
onto  the  beam  and  using  it  as  a  non-colocated  sensor.  A  similar  approach  was  taken  by 
Garcia  (1989),  except  that  only  angular  rate  and  posidon  signals  were  used  for  feedback 
control.  Simple  Propordonal-Dcrivadve  control  laws  were  able  to  suppress  the  vibradons 
of  a  slewing  beam  due  to  the  large  interacdon  between  the  motor  and  the  structure.  A 
Lyapunov  based  control  strategy  was  developed  by  Junldns,  Rahman,  and  Bang  (1990)  for 
the  reorientadon  of  a  rigid  hub  with  four  flexible  appendages.  An  improvement  in 
performance  was  achieved  by  shaping  the  input  to  the  slewing  actuator.  Another 
Lyapunov  based  method  was  introduced  by  Fujii,  Ohtsuka,  and  Udou  (1991). 
Experimental  results  were  presented  indicating  that  vibradon  suppression  could  be 
improved  by  using  a  method  they  called  Mission  Fimcdon  Control. 

In  all  of  the  previously  mentioned  work,  the  slewing  actuator  was  used  to 
simultaneously  rotate  the  structure  and  suppress  vibradons.  This  strategy  was  effecdve,  in 
part  because  the  structure  being  slewed  was  a  simple  beanL  Ifthestractureexhibiiedmore 
complex  dynamic  behavior,  the  slewing  actuator  might  not  be  able  to  suppress  all  of  the 
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flexible  ny>de5  It  would  be  desirable,  and  in  some  cases  even  necessary,  to  have  separate 
sensors  and  actuators  avaib^le  for  feedback  coniroL 

Recent  advances  in  sman  structure  technology  provide  a  means  for  integrating 
actuators  and  sensors  into  a  slewing  structure.  This  is  accomplished  by  replacing  passive 
members  of  the  structure  by  active  elements.  The  active  members  contain  piezoceramic 
material,  thereby  enabling  them  to  be  used  as  sensors  and  actuators  for  control  Recently. 
Dosch,  Inman,  and  Garcia  (1992)  demonstrated  the  concept  of  using  a  single  piece  of 
piezoceramic  to  simultaneously  sense  the  vibrations  and  apply  a  nooment  to  a  cantilever 
beam.  This  is  important  in  the  control  of  flexible  structures  since  the  resulting  sensor  and 
actuator  are  perfectly  colocated  with  one  another.  With  regards  to  the  slewing  problem, 
Garcia  and  Tnman  (1990)  showed  that  integrating  a  piezoceramic  sensor/actuator  into  a 
slewing  beam  can  improve  performance  and  reduce  the  peak  power  of  the  motor. 

This  paper  examines  the  modeling  and  control  of  a  slewing  stnicture  diat  contains 
integrated  actuators  and  sensors.  The  structure  is  not  a  beam,  but  a  frame  that  models  the 
complex  dynamics  of  a  flexible  appendage  such  as  a  solar  array.  Two  of  the  passive  frame 
members  have  been  replaced  with  active  elements:  aluminum  bars  with  piezoceramic 
material  bonded  to  the  surface.  Characteristics  of  the  piezoceramics  allow  these  active 
elements  to  be  used  as  colocated  sensor/actuators.  The  active  members  are  an  integral  part 
of  the  control  system  since  the  torsional  motion  of  the  frame  is  not  suppressed  by  the 
slewing  actuator. 

The  paper  is  organized  in  the  following  naanner.  First,  a  model  for  the  frame  is 
developed  using  Lagrange's  equations  and  finite  element  approximations.  The  interaction 
between  the  structure  and  the  motor  is  obtained  by  considering  the  equations  for  a  dc 
motor.  A  model  of  the  active  members  is  developed  which  includes  the  dynamics 


associated  with  a  self-sensing  actuator.  Finally,  control  system  design  for  the  slewing 
frame  is  studied  using  the  model  and  the  actual  parameters  of  the  testbed. 

MODELING  OF  A  SLEWING  STRUCTURE  USING  FINTTE  ELEMENTS 


The  model  for  the  slewing  frame  is  derived  from  Lagrange's  equations  and  finite 
element  £q)pioximations.  The  advantages  of  using  the  finite  element  approach  is  that  it  can 
easily  handle  the  complex  geometry  of  the  firame.  The  governing  equations  for  the 
complete  structure  are  obtained  by  first  considering  a  single  element  slewing  about  an  axis, 
as  shown  in  Hgure  1. 


The  modon  of  this  element  consists  of  a  rigid  body  rotation,  6  (t),  and  an  elastic 
deformation,  u{x,:).  A  torsional  rotation  about  the  x  axis  also  exists,  and  is  denoted 
${x,t).  The  two  ends  of  the  beam  are  called  the  nodes  of  the  element  Node  i  is  a  fixed 
distance  r,  from  the  origin  of  the  inertial  coordinate  system,  XTZ.  The  rigid  body  is 
constrained  to  lie  in  a  plane,  xz,  which  is  rotating  with  respea  to  the  Z  axis  with  an  angular 
velocity  d{t). 


Another  set  of  coordinates,  the  xyz  frame,  is  attached  to  the  rigid  body  of  the  slewing 
element  The  origin  of  xyz  is  chosen  to  be  Node  i  and  x  is  the  centroidal  axis  of  the  rigid 
body.  Since  the  element  is  constrained  to  be  in  the  xz  plane,  the  y  and  y  axes  are  parallel. 
Thus,  the  orientation  of  the  element  with  respect  to  the  rotating  xyz  fame  can  be  described 
by  a  single  angle  7. 


The  arbitrary  deformation,  u{x,t)y  and  torsion  about  the  x  axis,  ${x,t),  can  be 
expanded  into  the  following  form: 


u(x,t) 


u. 


(1) 
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where  q(r)  is  a  12  x  1  vector  of  independent  generalized  coordinates.  The  ouutix  'F.(i) 
is  a  3  X  12  matrix  of  basis  functions*  and  ^^(i)  is  a  1  x  12  vector  tmsis  functions  [Cook 

and  Malleus  (1989)].  The  set  of  generalized  coordinates  are  chosen  to  be  the  three 
translations  and  three  rotations  at  each  node  of  the  element  This  choice  assumes  that  the 
rotations  are  small.  Le.,  they  can  be  added  as  vectors. 

The  Lagrangian  of  this  slewing  element  is  obtained  and  Lagrange's  Equations  are  used 
to  derive  the  governing  equations  [Leo  (1992)].  They  take  the  following  form: 


A  A 

where  M  and  K  are  the  12  x  12  mass  and  stif&ess  matrices  of  the  finite  element 
respectively.  The  structural  inertia  of  the  element  about  its  slewing  axis  is  denoted  /,.  and 

A 

is  a  12  X  1  vector  that  couples  the  elastic  deformation  to  the  rigid  body  rotation.  The 
non-conservative  forces  due  to  the  motor  and  the  piezoelectrics  are  denoted  Q,  and  , 

respectively.  The  assumptions  made  during  the  derivation  are  that  the  element  can  be 
modeled  as  an  Euler-BemouUi  beam,  that  the  cross-section  is  symmetric,  and  that  the 
geometric  and  material  properties  are  independent  of  x.  The  expressions  for  each  of  the 
terms  in  equation  (2)  is  placed  in  the  Appendix  of  this  work. 

The  goventing  equations  of  the  slewing  frame  are  assembled  from  equation  (2)  by 
substimting 


into  the  expression  and  pre-multiplying  by  The  matrix  C,  is  the  transformation 
between  the  element  coordinates  and  the  global  frame  of  reference.  The  operator 
transforms  the  element  coordinates  into  the  corresponding  global  degrees  of  freedom.  It 
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has  the  dimension  12  x  where  is  the  number  of  degrees  of  fieedom  in  die 
ccmqilete  model  The  final  set  of  equadmis  has  the  form 


■M  I*1Jq(0l  fK  Olfq(r)l 

M  /.JlS(0j  Lo  oJi0(f)/ 


a.+Q^ 


(4) 


where 

i«l 

K-iB:c:«,cA 

iml 

II 

ial 

The  number  of  elements  in  the  slewing  model  is  denoted  The  assembly  of  ±e 
governing  equations  is  more  computationally  efficient  if  the  direct  assembly  ^iproach  is 
used  [Cook  and  Malkus  (1989)]. 


2.  Modeling  the  Motor/  Structure  Interaction 


Modeling  the  interaction  between  the  motor  and  the  structure  has  always  received 
considerable  attention  in  the  slewing  litoamre  [Juang,  et  al,  (1986),  Garcia  and  Tnman 
(1991)].  The  derivation  presented  here  is  similar  to  the  previous  work  is  most  respects, 
except  that  earlier  research  concentrated  obtaining  expressions  for  distributed  parameter 
systems,  not  finite  element  models. 


First,  consider  the  model  for  a  DC  motor  shown  in  Figure  2.  The  motor  is  connected 
through  a  set  of  gears  to  the  slewing  structure.  The  armature  voltage  and  current  are 
denoted  e,(r)  and  /.(r),  respectively.  The  pertinent  motor  parameters  ate  die  inductance,  L„ 
the  resistance,  R„  the  torque  constant,  iTn  and  the  back-EMF  K^.  The  motor  has  an  inertia 
and  a  viscous  fiictimi  coefficient  5,.  A  set  of  gears  with  ratio  NJNi  are  placed  between 
the  motor  shaft  and  the  structure.  The  rotation  of  the  structure  is  denoted  The 


\ 
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expression  for  the  torque  produced  <m  the  structure  can  be  derived  fnxn  Kircbafifs  laws 
and  summation  of  torques  [Kuo  (1987)]: 

T-w,*r^(»)-/X9,W W  (5) 

where  the  annature  current  is  related  to  the  command  voltage  by 

For  convenience,  die  gear  ratio  N2/N1  is  denoted  N,. 

The  next  step  is  to  choose  a  boundary  constraint  for  the  finite  element  model  For  the 
slewing  fiame,  the  boundary  constraint  is  chosen  to  be  pinned-free.  Thus,  die  rotational 
degrees  of  freedom  of  the  shaft  that  lies  along  the  slewing  axis  are  unconstrained.  These 
are  the  9,(r)  rotations,  using  the  notation  of  the  previous  section.  Assuming  diat  die  torque 
acts  at  the  i*  node  of  the  structure,  the  total  rotation  at  that  node  can  be  written  as: 

(7) 

A  diagram  of  this  concept  for  a  single  element  is  shown  below  in  Figure  1.  The  total 
rotation  at  the  root  is  a  combination  of  the  rigid  body  rotation  and  the  rotation  due  to  the 
flexibility.  The  non-conservative  virtual  woik  due  to  the  motor  torque,  5W'.,  is 

=  rse.it)  *  rse^it) + rSe{t)  (8) 

Equation  (7)  can  be  rewritten  as  a  vectOT  multiplied  by  the  generalized  coordinates  of 
the  system 

9,W=9.W+e(«)=Fi!:|^|H  <9) 

where  die  1  x  vector  has  a  one  in  the  i*  column  and  a  one  in  the  last  column. 
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Tlie  virtual  week  can  now  be  wiinen  as 


"•Kl 


where  tF' s  fipom  equation  (4). 


With  the  expression  for  the  virtual  woric,  die  equations  of  motion  can  be  rewritten  as: 


fM  I»irq(0l  fK  0]Jq(r)l 

[ii  [0  oJi»(or 


Equation  (9)  is  substimted  into  the  DC  motor  equations  to  yield 

These  expressions  are  substimted  into  equation  (1 1)  and,  after  some  man^uladon,  diey 
can  be  written  as 


where  G«  is  die  gain  matrix  associated  widi  the  motor.  It  has  the  form 


G.1  is  order  xAf^^ 
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One  final  sttp  needs  to  be  perfomaed  to  obtain  the  open  loop  model  of  the  slewing 
frame.  Since  the  boundary  constraints  are  chosen  to  be  pinned-free,  there  exists  a  zero 
frequexicy  mode  in  die  mass  and  sdffness  matrices.  This  mode  is  already  accounted  for  by 
the  rigid  body  coordinate,  d(r).  To  eliminate  this  redundant  mode,  equation  (13)  is 
transformed  from  physical  coordinates  into  modal  coordinates.  This  transformation  is 
calculated  by  solving  the  following  free  vibration  problem  [Inman  (1989)] 

{M  +  iVj/.G„}<iW  +  Kq(0  =  0  (15) 

and  normalizing  the  mode  shapes  such  that 

SJ{M+JV;/.G^}S,=I 

(16) 

SlKS,=Cl  =  diag(a)f) 


where  S,  is  a  matrix  of  the  elastic  modes  of  the  frame.  It  is  not  square  since  the  zero 
frequency  mode  has  been  eliminated.  The  squares  of  the  remaining  non>zero  natural 
frequencies,  denoted  caf,  are  the  diagonal  elements  of  the  iriatrix  Q.  Equation  (13)  can  be 
transfonned  into  modal  coordinates  by  substituting  the  following  transformation 


(17) 


into  the  equation  and  pie-multiplying  by  T’’.  The  result  is 

_(ir+A(.V.G;,)s,  Jl9(»)j 


m] 


0  ol5f)}  =  ’^'W.W+T'Q, 


+«.(0 


(18) 
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A  dan^g  matrix.  is  added  to  the  sysem  to  account  for  the  inherem  damfnng  in  the 
structure.  &  is  a  diagtmal  matrix  of  the  foon 


0] 

0  oj 

where  ^  are  the  modal  damping  ratios. 

3.  Modeling  of  the  Self«Sensuig  Active  Members 


(19) 


One  of  the  major  issues  of  this  study  is  the  ability  of  sman  structure  technology  to 
improve  the  performance  of  the  slewing  frame.  As  mentioned  in  section  2.  two  members 
of  the  frame  have  piezoceramic  material  bonded  to  the  surface,  thereby  enahiing  them  to  be 
used  sensors  or  actuators.  To  model  these  active  members,  expressions  for  voltage  ouqmt 
and  applied  moment  of  the  piezoceramics  must  be  developed. 

The  actuator  equation  is  derived  for  a  pair  of  piezoceramics  bonded  to  a  flat  beam,  as 
shown  in  Figure  3.  Assuming  that  the  beam  is  in  pure  bending,  the  expression  for  the 
moment  applied  by  the  piezoceramics  is  [Dosch,  et  al,  (1992)]: 

M{x,t)  =  K,v^(t^h{x  -x^)-h{x-  X,)]  (20) 

where  x^  and  x,  are  the  location  of  die  ends  of  the  piezoceramic  pair.  The  heaviside  step 
function  defines  the  region  of  thr  m  coveted  by  the  piezoceramics.  The  applied  voltage 
is  denoted  v.  (t)  and  the  actuator  ^  uostant,  is  expressed  in  terms  of  the  getnnetric  and 
material  pr(q)erties  of  the  beam  and  ceramic: 

(21) 


The  thickness  of  the  piezoceramic  and  the  strut  are  denoted  and  r«,  respectively.  The 
width  of  the  strot  is  labeled  b,  and  Y,  is  Young's  modulus.  The  dielectric  constant  of  the 
ceramic  is  denoted  dsj. 
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Tbe  expressum  for  the  viraial  work  prodnced  by  the  pair  of  pieaocaanBcs  is  [Fanson 
(1987)]: 

(22) 

where  L  is  the  lengdi  of  the  beam. 

Substituting  for  as  defined  in  equation  (1).  the  previous  expression  can  be 

rewritten  as 

=  J  (23) 

0 

The  supersciipt  i  indicates  diat  die  expression  is  for  the  piezoceramic  pair,  ami  the  prime 
notation  signifies  differendadon  with  respect  to  i.  Integration  of  the  preceding  equadon 
yields 

-  «X(r)[>p;(4)-s>;(;^)]«4(,)  (24) 

The  virtual  work  done  by  all  four  piezoceramic  pairs  is 

M 

Equation  (25)  assumes  that  all  of  the  piezocerandcs  have  the  same  actuator  constant  and 
applied  voltage.  The  eiqnession  can  be  transformed  into  global  coordinates  by  substituting 

5q(f)*C.B.5q(r)  (26) 

into  the  equation.  This  leads  to 

5»’..=jr.v.(oi{n(j^)-n(ii)lcA&i(«)  (27) 

The  non-a»servative  wock  term  associated  with  the  active  strut  can  now  be  written  as 
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A  susilarexpressum  is  derived  to  the  voltage  ouqnit(tfd»  active  meoober.v^Cr).  The 


expiessioois 


where 


YAxby. 


Volt/!rad 


the  tenn^e  is  the  distance  firom  the  neutral  axis  of  the  strut  to  the  middle  of  the  ceramic  and 
C'  is  the  constant  strain  c2q)acitance  of  the  materiaL 

Performing  an  analysis  similar  to  the  one  for  the  actuator  equation  results  in  the 
following  expression  to  the  piezoceraznic  vt^tage  of  the  active  strut: 


vW = 'f.[i{n(4)-n(^)}]cAqW 


4.  Dynamics  of  the  Sdf-Scnsing  Actuator 

The  idea  of  using  a  single  piezoceramic  m  simultaneously  sense  and  actuate  was 
previously  presented  by  Dosch,  Inman,  and  Garcia  (1992).  The  inqxirtance  of  this  concept 
is  that  the  actuate  and  sensor  are  perfectly  colocated.  Sensor/ actuatOTColocadcm  is  very 
attractive  when  designing  active  control  schemes  to  flexible  stroctntes  since  it  is  inherently 


t 


more  stabte  than  nonH:ok)catsd  controL  Self-senang  actuari<»  is  accompliahed  by  the  nae 
of  a  bridge  drcuit  connected  to  the  piezoceramic  active  member.  Use  of  this  circmt 
introduces  (fynamics  into  the  feedback  loop  that  can  have  an  effect  on  the  open  and  closed 
properties  of  die  system. 


The  circuit  studied  in  this  work  was  originally  presented  by  Dosch,  et  al  (1992)  as  a 
means  of  simultaneously  sensing  strain  and  applying  a  force.  Other  versions  of  this  circuit 
are  able  to  sense  strain  rate,  but  for  this  work,  only  the  snain  sensor  is  examined  (Figure 
4).  The  sensor  voltage  is  the  difference  between  Vi  (r)  and  V2(r),  vriiich  are  the  vdtages  at  the 
two  terminals  shown  in  Figure  4.  In  the  Laplace  domain,  the  sensor  voltage  is 


1  +  /J(c;+C2)r 


RC^ 


RCjS 


i+^(c;+C2)j  i+/?(c;,+C4)sJ 


Kis)  (31) 


Likewise,  the  voltage  applied  to  the  piezoceramic  is  the  difference  between  v,(r)  and 


v,(f): 


RC^ 


RC^ 


[i+i?(c;+c;i)j  i+R(c;+c^)s 


l-i-/?Cyy 

”  1 + ^(c; + Cj)s '  i+/?(c;+Cj)j 


■VM- 


lEiL 


(32) 


VM 


The  result  of  equation  (31)  can  be  substituted  into  the  previous  expression.  After 
manipulation,  die  actuator  voltage  can  be  written 


(33) 


A  block  diagram  between  the  control  volt^e,  v^t),  and  the  self-sensing  ou^ut,  y,(r),  can  be 
obtained  from  the  results  of  the  previous  two  sections  (Figure  S).  In  Figure  5,  the 
following  notadon  is  used: 
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t 


£ri^) 


l+i?(C^  •^C^)s 


^  R^(c;Q-c,c,y*ji(c;-c,)s 
^  [i + r(c; + CjjjJi + ^(c, + c^)s] 


The  block  diagram  of  the  self-sensing  actuator  illustrates  die  dynamics  associated  widi 
using  the  circuit  in  a  feedback  loop.  The  actuator  voltage  across  the  piezoceramics  is  a 
combination  of  the  input  voltage  and  a  feedback  proportional  to  the  sensor  signal. 

Similarly,  the  output  of  the  circuit  is  a  combination  of  the  piezoceramic  voltage  and  an 
input  feedthrough  term.  Nominally,  the  circuit  parameters  are  chosen  such  diat  ~  C* 

and  Cz  -  C*.  in  this  situation,  the  feedthrou^  term  is  identically  zero  and  die  ouqmt 
is  simply  a  high-passed  filtered  version  of  the  piezoceramic  voltage.  The  comer  firequency 
of  die  hi^-pass  filter  depends  on  the  constant  strain  capacitance  of  the  strut  and  the  choice 
of  Cz.  The  acmaior  dynamics  have  the  form  of  a  lag  filter,  thus  attenuating  the  high 
firequency  content  of  the  control  signaL  Even  in  the  nominal  case,  the  sensor  output 
feedback  term  is  still  present  in  the  open  loop  dynamics. 


Of  course,  the  circuit  parameters  are  not  always  uined  perfectly  to  one  another.  In  the 
original  woik  by  Dosch,  et  al  (1992),  this  situation  is  referred  to  as  a  'mistoned'  self¬ 
sensing  actuator.  Not  tuning  the  parameters  correctly  can  have  a  significant  effect  on  die 
transfer  function  between  the  control  voltage  and  the  sensor  ouqiut  [Andersmi,  Hagood, 
and  (joodclifife  (1992)].  Studying  the  problems  associated  with  mistuning  the  circuit  is  a 
direction  for  future  research.  A  simple  consequence  of  capacitor  mismatch  is  illnstrared  in 
the  simulations  later  on  in  Section  7  of  this  paper. 
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5.  The  Slewing  Frame  Testbed 


A  frame  slewed  by  a  dc  motor  is  presented  as  a  tesdjed  for  experiments  in  the  control 
of  slewing  flexible  structures.  Due  to  its  configuration,  the  action  of  rotating  the  frame 
about  an  axis  causes  both  bending  and  torsional  vibrations.  The  frame  consists  of 
individual  elements  of  thin-walled  circular  aluminum  mbing.  Each  member  is  0.63S  cm  in 
diameter  and  has  a  wall  thickness  of  0. 124  cm.  The  elements  are  joined  at  octagonal  nodes 
that  are  also  made  of  aluminum.  Each  member  is  pinned  and  bolted  into  the  node  to 
eliminate  looseness  in  the  joints.  The  frame  is  mounted  onto  the  larger  steel  shaft  by 
bolting  two  of  the  nodes  into  aluminum  clamps. 

The  slewing  acmator  is  an  Electro-Craft  670  dc  motor.  The  shaft  of  the  motor  is 
coupled  to  a  steel  shaft  widi  a  diameter  of  0.635  cm,  which  in  turn  is  connected  to  another 
steel  shaft  of  diameter  1.270  cm.  The  smaller  shaft  can  easily  be  removed  so  that  gears  can 
be  placed  between  the  motor  and  the  structure.  A  tachometer  housed  inside  the  motor 
measures  angular  rate,  and  a  potentiometer  attached  to  the  bottom  of  the  larger  steel  shaft 
produces  a  signal  proportional  to  angular  position.  The  whole  slewing  rig  is  attached  to  a 
large  concrete  block  that  serves  as  ground.  Figure  6  is  a  diagram  of  the  slewing  frame 
testbed. 

Two  of  the  passive  elements  of  the  frame  have  been  replaced  by  active  elements.  The 
active  members  are  flat  aluminum  bars  that  have  four  strips  of  piezoceramic  material 
bonded  to  each  side  (see  Figure  3).  The  piezoceramics  are  model  G-119S  from  Piezo 
Electric  Products  and  have  dimensions  6.350  cm  x  1.905  cm  x  0.025  cm.  Each  ceramic  is 
glued  to  the  member  with  Duro  Depend  n  adhesive.  All  of  the  piezoceramics  are 
electrically  coupled  to  one  another  to  create  tme  sensor/  actuator.  On  both  active  members, 
the  aluminum  beam  is  used  as  a  ground  for  die  underside  of  all  the  ceramics. 
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The  parameters  for  both  the  dc  motor  and  the  active  members  are  listed  in  Tdile  1. 
Table  1:  Parameters  for  tbe  slewing  actuator  and  active  members. 
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6.  Open  Loop  Mod.i!ling  Results 

To  validate  the  open  loop  model,  analytical  results  are  compared  to  experimentally 
obtained  frequency  response  functions.  Magnitude  plots  of  the  slewing  frame  are 
determined  by  inputting  a  random  signal  of  bandwidth  20  Hz  into  the  motor  and 
measuring  the  tachometer  output  and  sensor  voltage  of  active  noember  2.  A  Tektronix 
2630  Fourier  Analyzer  performs  the  data  acquisition  and  frequency  analysis. 

Results  of  the  open  loop  tests  and  the  corresponding  analytical  transfer  functions  are 
shown  in  Figure  7.  For  the  analytical  results,  the  first  20  modes  of  the  FEM  noodel  are 
used  and  a  proportional  damping  ratio  of  0.001  is  assumed.  In  the  case  of  the  tachometer 
output,  the  model  is  very  accurate  over  ±e  frequency  range  considered.  The  damping 
exhibited  in  the  mode  at  approximately  7.1  Ux  is  due  to  the  dry  friction  in  the  motor  and 
bearings.  This  phenomenon  only  occurs  in  tbe  region  around  the  zero  position  of  ±e 
frame.  During  a  maneuver,  this  mode  is  li^tly  damped  since  the  motor  is  free  from  the 
dry  friction.  The  model  of  ±e  transfer  function  between  the  motor  and  active  member  2 
shows  adequate  fidelity  over  approximately  the  first  10  Hz.  Subsequent  exrm  is  attributed 
to  the  sensitivity  of  the  expression  for  tiie  sensor  voltage  (equation  30)  to  die  posititm  of  the 
four  actuators  along  the  active  member.  Also,  the  model  for  the  sensor  voltage  of  the 
piezoelectrics  is  only  an  approximation,  since  it  assumes  that  the  piezoelectrics  are  in  pure 
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bending  and  neglects  effects  such  as  the  bonding  layer.  In  spite  of  this,  the  model 
maintains  the  correct  pole-zeio  pattern  over  the  0  to  20  Hz  frequency  range.  G)mparing 
the  analytical  to  the  experimental  transfer  functions  illustrates  that  any  control  law  must 
account  for  the  uncxrtainties  that  exist  in  the  model 

The  transfer  function  between  the  motor  and  the  tachometer  reveals  that  the  first 
torsional  mode  at  4  Hz  is  not  very  prominent  This  has  ramifications  in  the  control  system 
design,  since  this  indicates  a  pole-zero  cancellation  at  that  frequency.  Pole-zero  cancellatitxi 
does  not  occur  between  the  motor  and  the  active  member,  though,  leading  to  a  large  peak 
on  the  magnitude  plot  at  4  Hz  (see  Figure  7b).  These  features  can  be  related  to  the 
controllability  and  observability  measures  of  the  motor,  tachometer,  and  active  member 
[Inman  and  Leo  (1992)].  Their  effect  on  the  control  of  the  slewing  frame  is  presented  in 
the  next  section. 

7.  Control  Simuladons 

The  objective  of  this  study  is  to  develop  control  schemes  for  the  slewing  frame.  The 
primary  action  of  the  frame  is  a  rotation  about  its  slewing  axis,  which,  due  to  the  flexibility 
and  low  inherent  damping  of  the  structure,  induces  vibrations  that  do  not  decay  for  a 
considerable  amount  of  dme.  Using  the  model  developed  in  this  paper,  control  laws  are 
designed  that  simultaneously  slew  the  frame  and  suppress  the  vibrations.  The  control 
simulations  are  divided  into  two  sections.  The  first  simulation  involves  designing  a 
controller  that  provides  satisfactory  step  response,  hnportant  performance  criteria  include 
minimizing  the  settling  time  and  overshoot  of  the  frame's  hub  position,  as  well  as  the 
structural  vibrations  induced  during  the  maneuver.  A  second  section  involves  control 
design  for  a  tracking  maneuver.  Ifere,  it  is  important  to  keep  the  error  between  the  input 
command  and  the  hub  position  within  a  prescribed  tolerance  while  simultaneously 
suppressing  the  residual  vibrations. 
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Control  Design  for  a  Step  Input 


First  consider  the  case  of  designing  a  controller  to  obtain  satisfactory  step  response  of 
the  frame's  hub  position.  The  input  command  to  the  motor  is  constant  at  0.742  volts, 
which  corresponds  to  a  15*  slewing  maneuver.  Three  designs  are  studied.  The  first  is  a 
simple  Proportional- Derivative  controller  using  the  slewing  actuator  and  angular  rate  and 
position  feedback.  The  second  control  law  has  a  non-colocated  control  loop  using  active 
member  2  in  addition  to  the  PD  compensator.  The  final  control  scheme  involves  two 
separate  colocated  controllers,  one  loop  closed  around  the  motor  and  the  other  loq)  closed 
around  active  member  2.  All  designs  are  performed  using  the  nominal  model  shown  in 
the  previous  section.  Robusmess  is  checked  by  closing  the  control  loops  around  models 
that  have  slightly  higher  and  lower  natural  frequencies  [see  Table  2].  While  not  an 
exhaustive  search,  this  check  is  an  indicator  to  how  well  the  controllers  can  trlerate 
uncertainty.  As  pointed  out  in  the  previous  section,  errors  in  the  model  do  exist  and  must 
be  accounted  for  in  the  control  design. 

Table  2:  First  three  natural  frequencies  (in  Hz)  for  the  nominal  model,  the  open  loop  experiment, 
and  the  perturbed  models  used  for  stability  analysis  during  the  simulations. 


Nominal 

Exp. 

Model  1 

Model  2 

1st  torsional 

4.21 

3.97 

4.33 

4.09 

1st  bending 

7.17 

7.12 

7.33 

7.00 

2nd  torsional 

13.90 

14.24 

14.30 

13.53 

Proportional-Derivative  Control 


The  procedure  for  designing  this  type  of  controller  is  rather  straightforward,  since  both 
angular  rate  and  position  measurements  are  available.  The  form  for  the  control  law  is 

‘M=K,[9^-e{t)]-K,e(‘)  (34) 

where  6(r)  and  d{t)  are  the  outputs  of  the  potentiometer  and  tachometer,  respectively.  The 
reference  voltage,  is  set  to  0.742  volts,  a  command  for  a  15*  slew.  After  iterating  on 
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the  controller  gains,  values  of  K,  »  2.5  and  K,  *40  produce  a  satisfactory  step  response 
without  exceeding  the  voltage  limits  on  the  motor  (see  Hgure  8).  The  overshoot  of  the  hub 
position  is  less  than  5  %  and  the  settling  time  is  approximately  4  seconds. 

The  importance  of  examining  this  control  design  lies  in  its  inability  to  suppress  the 
torsional  motion  of  the  frame.  This  results  in  substantial  residual  vibrations  after  the  end  of 
the  slewing  maneuver,  as  illustrated  by  the  output  of  active  member  2  in  Figure  8.  This 
problem  is  due  to  the  pole- zero  cancellation  that  occurs  in  the  transfer  function  between  the 
motor  and  the  tachometer/  potentiometer  outputs  (the  potentiometer  ouqnit  is  essentially  the 
integral  of  the  transfer  function  shown  in  Figure  7).  As  listed  in  Table  3,  the  PD 
compensator  successively  adds  damping  to  the  first  bending  mode,  but  leaves  the  torsional 
modes  lightly  damped.  The  ability  to  suppress  the  bending  motion  of  the  frame  is  due  to 
the  large  interaction  between  the  motor  and  the  structure,  as  evidenced  in  the  open  loop 
magnitude  plots  (Figure  7). 

Proportional'Derivaxive  Compensaiion  with  Supplementary  Non-Cobcated  Control 

A  natural  extension  of  simple  PD  control  is  to  use  an  active  member  as  a  non-colocated 
sensor  for  a  supplementary  feedback  loop.  The  function  of  the  supplementary  control  is  to 
suppress  the  torsional  motion  of  the  frame  while  the  PD  compensator  provides  a 
satisfactory  step  response.  Using  the  active  member  in  this  manner  leads  to  tiie  design  of  a 
control  law  for  a  non-colocated  sensor  and  actuator.  Similar  actuator/  sensor  arrangements 
have  been  used  in  the  past  [Juang,  et  al^  (1986),  for  exanople],  but  with  different  design 
strategies  and  on  structures  that  did  not  exhibit  torsional  vibrations. 

Control  law  development  is  performed  using  a  method  called  Generalized  Structural 
Filtering  (GSF).  A  detailed  treatment  of  the  GSF  method  is  presented  in  Wie  and  Byun 
(1989).  In  its  basic  form.  Generalized  Structural  I^tering  is  a  classical  control  ^proach  to 
active  vibration  suppression  in  that  firequency  domain  and  root  locus  techitiques  are  used  to 
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find  a  suitable  compensator.  The  design  for  the  slewing  frame  is  accraaplished  in  the 
following  manner  Hrst,  the  model  is  used  to  find  the  transfer  function  between  the  motor 
input  and  the  ouq)ut  of  active  member  2,  with  the  PD  control  loop  closed.  Qosing  the  first 
loop  is  important  since  it  greatly  effects  the  dynamics  of  the  structure.  The  first  stage  of  the 
design  involves  introducing  a  fourth  order  Butterworth  Lowpass  Hlter  into  the  forward 
loop  with  a  comer  frequency  of  20  Hz.  This  attenuates  the  high  frequency  content  of  the 
signal  but  causes  substantial  phase  lag  in  the  target  region,  0  to  20  Hz.  Following  the 
procedure  outlined  in  Wie  and  Byun  (1989),  a  lead  filter  is  then  placed  in  the  compensator 
to  recover  phase  around  the  frequency  of  the  first  torsional  mode  (4  Hz).  Finally, 
parameters  of  a  non-minimum  phase  second  order  filter  are  chosen  to  actively  riamp  the 
first  torsional  mode.  The  final  fonn  for  the  control  law  is 

e,{t)  =  2,5[0^  -  e{t)  -  v,^(f)]  - 40e{t)  (35) 


where  v,^f)  is  the  output  of  the  GSF  compensator.  In  the  Laplace  domain,  it  takes  the 
form 


0.025f - - - +  lY-^  +  ll 

U5.8±y42.1  A20  ) 


48.1±yT16 


•+1 


( 1 16  ±  y48.1  14  ±  y37.5 


V^zis)  (36) 


A  root  locus  plot  for  the  GSF  design  is  shown  in  Figure  9a.  From  the  roots  locus,  a  gain 
of  0.025  is  chosen  since  it  increases  the  damping  in  the  first  torsional  mode.  An  inq)ortant 
feature  of  the  root  locus  is  that  the  damping  in  the  first  bending  mode  is  being  decreased  as 
a  result  of  the  supplementary  control  loop.  This  is  an  unattractive  feature  of  this  method. 
The  time  responses  of  the  slewing  frame  with  supplementary  control  are  shown  in  Figure 
8.  The  rigid  body  response  has  slightly  greater  overshoot  due  to  the  added  control  effort  in 
the  motor.  The  motor  voltages  with  and  without  supplementary  control  are  similar, 
although  a  higher  frequency  component  is  added  to  the  input  due  to  die  GSF  coo^ensator 
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(Figure  8b).  The  marked  difference  with  this  control  scheme  is  the  suppression  of  the 
residual  vibradons  in  the  frame.  With  the  supplementary  control,  the  structural  vibrations 
are  negligible  at  the  end  of  the  slewing  maneuver,  which  contrasts  sharply  widi  the  case 
when  there  is  only  PD  compensadon  (Figure  8c).  The  addidon  of  the  non-colocated  GSF 
controller  enables  die  suppression  of  the  first  torsional  mode  of  die  frame. 

The  robustness  of  tliis  control  strategy  is  checked  by  closing  the  loop  around  the 
perturbed  models  shown  in  Table  2.  For  both  cases,  an  instability  in  the  first  torsional 
mode  results.  This  is  illustrated  in  Figure  8d,  where  it  shows  that  the  frame  is  still 
vibrating  almost  forty  seconds  after  the  slewing  maneuver  is  over.  This  vibradon  is  due  to 
the  mode  at  4  Hz  being  marginally  stable.  Qiecking  the  robusmess  in  this  manner 
indicates  that  the  non-colocated  control  design  is  sensitive  to  the  uncertainties  that  are 
bound  to  exist  in  the  model.  Attempts  at  redesigning  the  control  law  in  light  of  these 
results  could  be  made,  but  a  more  practical  approach  to  achieving  performance  and 
robusmess  specifications  is  detailed  in  the  next  section. 

Proponioml-Derivanve  Compensation  with  Supplementary  Colocated  Control 

The  final  design  for  satisfactory  step  response  uses  active  member  2  as  both  a  sensor 
and  an  actuator  to  provide  vibration  suppression.  As  in  the  previous  case,  a  PD 
compensator  is  used  to  slew  the  frame,  with  the  colocated  control  loop  acting  as 
supplementary  feedback.  The  control  law  chosen  for  the  active  member  is  Positive 
Position  Feedback.  Much  like  the  GSF  method.  Positive  Position  Feedback  (PPF) 
consists  of  second  order  filters  tuned  to  suppress  specific  structural  modes.  For  a  detailed 
treatment  of  the  design  procedure,  the  reader  is  referred  to  Fanson  and  Caughey  (1987). 
PPF  control  is  chosen  since  it  is  easy  to  design  and  is  robust  with  respea  to  unxnodeled 
dynamics  [Goh  and  Caughey  (1985)].  It  has  also  been  e3q)erimentally  inq>lemented  in 
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previous  work  [Faason  and  Caughey  (1987),  Dosch,  er  a/,  (1992)].  In  the  Laplace 
domain,  the  fonn  of  the  PPF  controller  is 


v,(i)= 


tat 


s^+2C^a>j^+a)l 


y^(s) 


(37) 


The  paxanoeters  for  the  filter  design  are  found  using  root  locus  techniques  (see  Figure  9b). 
The  design  procedure  for  PPF  control  is  mote  straightforward  than  for  the  GSF  method 
and  requires  much  less  iteration.  In  this  case,  the  first  torsional  mode  is  targeted  for 
suppression.  An  important  feature  of  the  control  law  is  that  the  spillover  into  the  high 
fiequency  modes  of  the  system  is  almost  negligible  due  to  the  controller  loll-off.  This 
contrasts  with  the  GSF  design,  which  decreases  the  damping  in  the  first  bending  mode. 
After  perfoiming  the  analysis,  the  following  control  law  is  obtained 

e,(r)  =  2.5(9,^ -9(f)] -400(f) 

65(29)^  (38) 


j^  +  2(0.08)(29)r+(29) 


The  first  pan  of  equation  (38)  is  simply  the  PD  compensator  designed  in  the  previous 
section,  the  second  pan  is  the  PPF  controller  using  active  member  2  as  a  colocated  sensor/ 
actuator.  A  simulated  slewing  maneuver  is  shown  in  Figure  10.  The  hub  position 
response  and  motor  voltage  are  essentially  the  same  with  and  without  PPF  ccntid.  This  is 
to  be  expected  since  the  feedback  loop  is  independent  of  the  motor.  With  the 
supplementary  control  loop,  the  structural  vibrations  in  the  frame  are  suppressed  by  the 
time  the  slewing  maneuver  is  over  (Figure  10c).  The  damping  out  of  the  torsimi  is  not  as 
fast  as  widi  the  GSF  controller,  but  this  is  due  to  the  fact  that  the  motor  is  a  much  noore 
powerful  actuator.  During  the  design,  the  achievable  daiiq)ing  was  limitaH  by  the  peak 
value  of  the  active  memou’  control  effort,  which  is  approximately  100  vdts  (Hgute  lOd). 
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Two  robustness  tests  are  performed  on  this  control  scheme.  The  fint  check  is  to  close 
the  feedback  loops  around  the  perturbed  models  listed  in  Table  2.  For  both  cases,  the 
system  remains  stable.  This  represents  a  major  advantage  over  the  non-colocated  control, 
which  results  in  an  unstable  system  in  the  presence  of  model  error.  A  second  robusmess 
check  is  pexformed  by  intentionally  'mistuning'  the  self-sensing  actuator  capadtor  values  by 
±5%,  ±10%,  and  ±20%.  Again  the  system  maintains  stability,  but  performance  is 
adversely  affected.  The  damping  achieved  by  the  PPF  design  is  sensidve  to  the  mistuning 
of  the  self-sensing  actuator  circuit  The  settling  time  of  the  structural  vibrations  is  increased 
from  4  seconds  to  slighdy  over  10  seconds  if  the  capacitor  values  are  off  by  ±10  %  (Figure 
10c).  This  mistuning  also  increases  the  control  effort  of  the  active  member  (Figure  lOd). 
Sensitivity  to  capacitor  mismatch  could  represent  an  obstacle  to  implementation  of  the 
circuit  in  future  experiments. 

Table  3:  Comparison  of  the  results  ftv  the  three  separate  simulaiions. 


Control  Leew 

PD 

PD  +  GSF 

PD  +  PPF 

Damping  (%) 

1st  torsional 

0.2 

i2 

4.8 

1st  bending 

6.1 

4.8 

6.1 

2nd  torsional 

0.4 

0.5 

0.4 

Rigid  Body  Response 

settling  time  (seconds) 

4  seconds 

4  seconds 

4  seconds 

overshoot  (degrees) 

0.7 

1.1 

0.4 

Stability  Robustness^ 

Yes 

No 

Ycs2 

^  Defined  as  being  stable  with  the  perturbed  models  listed  in  Table  2. 

^  Capacitor  mismatch  causes  loss  of  damping  in  tosional  mode,  but  not  instability. 


Discussion  of  the  Simulation  Results 


These  simulations  indicate  the  inability  of  a  motor  control  law  to  suppress  the  torsional 
motion  of  the  slewing  frame.  This  is  a  result  of  a  pole-zero  cancellatimi  that  occurs 
between  the  motor  input  and  the  angular  rate  and  position  sensors.  Physically,  tfiis  mMns 
tiiat  the  interaction  between  the  input  torque  and  the  torsional  modes  is  ?tmi11  These 
modes  can  be  suppressed,  though,  by  integrating  actuators  and  sensors  into  die  structure. 
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In  one  control  law,  the  active  member  is  used  solely  as  a  sensor  in  a  non-colocated 
feedback  loop.  This  achieves  the  desired  vibration  suppression,  but  is  difficult  to  design 
and  does  not  maintain  stability  in  the  presence  of  model  error.  Another  approach  is  to  use 
the  active  member  in  a  colocated  feedback  loqp,  taking  advantage  of  the  piezoelectrics 
ability  to  actuate.  This  leads  to  a  rather  single  design  that  has  negligible  spillover  into  die 
higher  modes.  It  is  also  more  robust  with  respect  to  model  uncertainty.  Its  only  drawback 
is  a  sensitivity  to  capacitor  mismatch  in  the  self-sensing  circuiL  This  ’mistuning'  does  not 
lead  to  instability,  but  only  a  decrease  in  damping  of  the  torsional  mode.  The  results  of 
these  simulations  are  consistent  with  initial  experiments  on  the  slewing  frame  [Leo  and 
Inman  (1992)]. 

Control  Design  for  a  Tracking  Maneuver 

The  concept  of  using  two  independent  control  laws  to  achieve  performance  is  now 
extended  to  a  more  complicated  slewing  maneuver.  Instead  of  a  simple  step  input,  the 
command  into  the  slewing  actuatox  now  consists  of  a  series  of  three  5*  ramp  maneuvers 
followed  by  a  smooth  return  to  the  zero  position  (Figure  1 1).  It  is  assumed  that  the  hub 
position  is  at  an  initial  angle  of  -5*.  It  is  desired  to  keep  the  error  between  the  hub  position 
and  the  command  as  small  as  possible  throughout  the  maneuver,  and  always  less  than  0.5* 
after  the  first  ramp  input 

The  control  law  is  a  combination  of  PID  compensation  using  the  dc  motor  as  the 
actuator  and  a  PPF  filter  using  active  member  2  as  a  colocated  sensor/  actuator.  For 
convenience  and  to  show  the  flexibility  of  the  control  law  design,  the  parameters  for  the 
PPF  filter  are  chosen  to  be  the  same  as  found  in  the  previous  section.  Integral 
compensation  is  added  to  die  motor  controller  to  limit  the  tracking  error.  Afier  iterating  on 
the  gain  values,  the  following  control  is  used  in  the  simulation: 
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(39) 


e,it)  *  2C[d^  -  m]  -  750(0  -  lOj 0(0 
^  i*  + 2(0.08X29)5 +(29)'  ' 

The  position  gain  is  higher  than  for  the  step  input  case  to  speed  up  the  system  response. 
Adding  the  integral  control  action  improves  the  tracking  ability  of  the  system,  and  the 
derivative  component  reduces  overshoot  Increasing  K,  too  much,  though,  can  slow  the 
system  down  and  degrade  peifonmance.  The  PPF  filter  parameters  have  not  been  changed 
fix}m  the  step  input  design.  The  ability  of  the  hub  position  to  track  the  reference  input  is 
shown  in  Figure  11.  Except  for  the  initial  slew,  the  hub  error  is  kept  to  less  than  0.5* 
throughout  the  maneuver  (Figure  12a).  Because  of  the  initial  ctmdition  cm  the  hub  position, 
the  structure  is  excited  at  the  outset  of  the  slew.  Without  the  colocated  control  loop, 
structural  vibrations  occur  and  do  not  decay  until  after  50  seconds.  As  expected,  the 
torsional  vibrations  are  suppressed  by  the  PPF  control  loop  and  the  active  member  output 
is  much  smoother  (Figure  12c).  Combining  the  PID  compensator  with  a  colocated  control 
law  has  produces  satisfactoiy  tracking  and  reduces  the  structural  vibrations  considerably. 

8.  Conclusions  and  Future  Work 

Integrating  active  members  into  conqilicated  slewing  structures  is  an  ^ective  means  of 
suppressing  vibrations  during  and  after  maneuvers.  This  is  the  result  of  a  modeling  and 
simulation  study  of  a  slewing  fiame.  The  distinctive  feature  of  the  slewing  frame  is  that 
there  exists  torsional  modes  that  cannot  be  controlled  using  feedback  loops  consisting  of 
the  slewing  actuator  and  angular  rate  and  position  sensors.  Vibration  suppression  can  be 
achieved  by  using  active  members  as  sensors  in  non-colocated  feedback  loops,  but  this 
yields  a  difficult  design  that  is  sensitive  to  model  error.  A  superior  qjproach  is  to  use  die 
active  members  in  colocated  feedback  loops  widi  robust  control  laws  such  as  Positive 
Position  Feedback.  When  used  in  conjunction  with  a  simple  Proportional-Derivative 
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conqMnsator,  diis  design  produces  satisfactory  slewing  numeuvers  and  simultaneously 
suppresses  the  structural  vibrations. 

Future  woik  on  this  topic  includes  experimentally  implementing  active  contnd  schemes 
and  studying  the  effects  of  actuator  and  sensor  dynamics.  The  probtem  of  controlling  the 
slewing  frame  is  well  suited  to  the  study  of  MIMO  control  systems.  How  the  closed  loop 
performance  is  affected  by  the  dynamics  of  the  motor  and  self-sensing  actuators  is 
currently  being  investigated. 
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Appendix 


The  equatums  of  motuxi  for  the  slewing  element  shown  in  Hguie  1  are  given  by  equation 
(2).  They  are  expressed  in  element  coordinates  and  form  the  basis  for  the  model  assembly 
described  in  Section  2.  The  element  mass  and  sdffoess  matrices  are 
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The  last  line  of  the  above  matrix  indicams  the  element  coordinam  the  node  refers  to.  Any 
lumped  masses  at  the  nodes  are  added  to  the  diagonal  elements  of  the  mass  matrix.  A 
mass  at  node  i  is  added  to  the  (1,1),  (2,2),  and  (33)  elements,  a  mass  at  node  j  is  added  to 
the  (7,7),  (8,8)  and  (9,9)  elements. 


where 
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The  rigid  body  inertia  about  the  slewing  axis  is: 

4  +  rsonL,  +;lJcos*7]  +»v1  + +  ^.cosr)* 
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The  intenicdoa  vector  fix  the  slewing  element  is: 


0 

3(3L.co*r+10rJ 
0 
0 
0 

l(2L.cosy+5r,) 
0 

3(7L.CQ8r+10r.) 
0 
0 
0 

-Z.(3I.cosr+5r,) 

The  following  notation  is  used  for  the  appendix: 


p  density  of  the  element 

At  cross-sectional  area  of  the  element 

Lt  element  length 

If  polar  moment  of  inertia  of  the  cross-section 

I„  ly  moments  of  inertia 

GJ  torsionai  stifhiess  of  the  cross-section 
m„  rrij  lumped  masses  at  nodes  i  wdj,  respectively 
r,  distance  firom  z  axis  to  node  i 
y  angle  between  x  and  x  axes. 


r  Je^] 

*  I  60  J 
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Figure  Giptions 


Figure  1:  (a)  A  flexible  element  slewing  about  an  axis.  The  dotted  line  represents  the  rigid 
body  and  the  solid  line  is  the  elastic  defoncnation.  (b)  A  single  elenoent  slewing  about  an 
axis.  The  total  rotation  at  die  root  is  a  combination  of  rigid  body  and  elastic  motion. 

Figure  2:  Model  of  a  dc  motor  connected  through  gears  to  a  slewing  structure. 

Figure  3:  (a)  Piezoceramic  pair  bonded  to  a  flat  beam,  (b)  Piezoceramic  active  member. 

Figure  4:  Self-sensing  actuator  as  presented  by  Dosch,  Inman,  and  Garcia  (1992). 

Figure  5:  Block  diagram  of  the  self-sensing  actuator  with  the  inclusion  of  the  circuit 
dynamics. 

Figure  6:  Slewing  frame  testbed  showing  the  location  of  the  active  members,  angular  rate 
and  position  sensors,  and  the  dc  motor. 

Figure  7:  Open  loop  magnitude  plots  of  the  slewing  frame  from  0  to  20  Hz.  The 
experimental  response  (dotted)  exhibits  damping  in  the  7.1  Hz  mode  due  to  dry  friction  in 
the  motor,  (a)  Tachometer/  Motor  input  (b)  Sensor  output  of  active  member  21  Motor 
input 

Figure  8:  Simulated  step  responses  for  the  slewing  frame  with  PD  control  (dotted)  and 
PD  with  supplementary  GSF  feedback  (solid),  (a)  Hub  position,  (b)  Motor  control 
voltage,  (c)  Gi^ut  of  active  member  1.  (d)  Ouqiut  of  member  2  showing  instability  due 
to  model  error. 

Figure  9:  Root  locns  plots  for  the  GSF  design  (a)  and  die  PPF  design  (b).  The  PPF 
controller  does  not  exhibit  die  spillover  into  the  higher  modes  that  occurs  in  the  GSF 
compensation. 


Figure  10:  Simulated  time  responses  for  PD  control  with  supplementary  PPF  feedback, 
(a)  Hub  position,  (b)  Motor  control  voltage,  (c)  Sensor  ouq)ut  of  active  member  1.  (d) 
Active  member  2  control  voltage.  The  capacity’  mismatch  in  the  self-sensing  cizxniit 
causes  a  loss  of  damping  in  the  torsitmal  mode  (dotted  line  in  (c)  and  (d)). 

Figure  11:  Input  command  (dotted)  and  hub  position  (solid)  for  the  tracking  maneuver. 

Figure  12:  Simulated  time  responses  for  a  tracking  maneuver  without  supplementary 
feedback  (solid)  and  with  supplementary  feedback  (dotted),  (a)  Hub  position  error.  (b) 
Motor  control  voltage,  (c)  Sensor  ouqiut  of  active  member  1.  (d)  Active  member  2 
control  effort 
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Abstract 

This  paper  discusses  modal  analysis  of  strucnines  with 
repeated  eigenvalues  and  eigenvectors.  Equadons  are 
derived  for  systems  with  and  widtout  dr.v.ng  point 
infornutton.  In  the  case  where  driving  point  residues  are 
available,  an  eigenvalue  of  mulupiicity  q  can  only  be 
idenniied  using  q  inputs.  The  derivanon  is  venned  on  a 
simple  mode!  of  a  sman  antenna.  .An  ideanncanon  of  die 
model  is  also  performed  using  the  Eigensystem  Realization 
Algohthm  (ER.A).  Modal  parameters  are  identified 
accurately  using  ERA  but  die  resulting  model  contains  errors 
in  the  pnase  of  the  input/  output  nansier  functions.  Modal 
tests  and  me  Modal  Assuiance  Citeria  are  used  to  distinguish 
between  repeated  and  distinct  modes  of  a  sman  antenna.  The 
need  for  an  accurate  model  is  discussed  m  relauon  to  the 
problem  of  acuve  vibranon  suppression. 

.Nomendature 
.Vt  mass  matrix 

C  viscous  damping  matrix 

K  snfniess  matrix 

a  input  vector 

y  di^tacement  vecmr 

y .  y  derivative  ofy  with  respect  to  dme 

G,  H  symmenic  state  space  matrices,  in  eq  (3) 

/  input  vector,  in  eq.(3) 

'V  transfomianon  matrix  in  eq.  (d) 

A  diagonal  matrix  of  eigenvalues 

A.r  r<h  eigenvector 

O  matrix  of  mode  shapes  (columns) 

Pr  mode  shape 

Pir  mode  shape  s  modal  parndpadon  factor 

rAij  experimental  residue.  1^  output.  ^  input,  mode 
A  modal  state  space  sate  matrix 

B  modal  sate  space  input  tnairix 

Co  modal  sate  space  observation  matrix 

D  modal  sate  space  direct  transmissioa  matrix 

s  Laplace  variable  a  j^a 

T  transfonnadon  maoix 

0  zero  matrix 

0^  mnspose 

0*  complex  conjugate 

L  INTRODUCTION 

An  accurate  model  of  an  active  structure  is  fundamental  to 
^e  understanding  of  the  problem  of  control  structure 
inteiacdon.  An  active,  or  stnan  stmcture.  contains  a  number 
of  integrated  sensors  and  actuators  allow  the  structure  to 
perform  precision  pointing,  sighting,  placement,  or  vibradon 
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suppression  to  a  degree  of  accuracy  or  performance  which  is 
not  easily  achieved  with  a  passive  sctucnire.  In  die  inmal 
sages  of  design  a  Finite  Element  Model  (FEM)  is  adequate. 
The  rcM  allows  the  engineer  to  address  sue.*,  issues  as 
optimal  acniator  and  sensor  placement,  size  and  power 
requirements  of  the  acniaiors.  and  open  and  oiosea  loop 
penormance  comparisons.  Typically  the  FEM  will 
accurately  predict  the  natural  frequences  of  the  smacrore  and 
give  a  general  idea  of  the  siracmie  s  mode  shapes  '  at  least  at 
low  nequences).  The  FEM  •will  less  accurately  precic:  ’jiput 
/  output  transfer  function  parameten  such  as  the  zeros  and  the 
phase  versus  frequency  response.  In  addidon  standard  FEM 
trediods  make  no  piedicdons  of  the  damping  in  die  sysom. 

To  design  a  stable  high  authonty  conooUer  the  mocel  must 
acruraieiy  reflect  the  dynamics  of  smicmre.  The  FEM  can  be 
improved  by  incorporaang  e.xpenmeatal  test  data  mode: 
updating)  or  an  identified  model  can  be  derived  based 
ensrely  on  experimental  tests.  The  latter  approac.h  is  oken  in 
this  paper  using  two  methods.  The  firsi  method  is  a  model  is 
based  on  modal  analysis  tec.hniques  and  the  second  is 
identified  using  the  Eigensvstem  Reaiizadon  .Algorithm 
(ERA)(1]. 

i  .MODEL  IDENnHCATlON  USING  MODAL 
ANALYSIS 

The  purpose  of  modal  analysis  is  to  obtain  the  stracrare  s 
modal  parameters:  the  eigenvalues  (damping  and  natural 
frequency)  and  the  eigenvecton  (mode  shapes).  The  modal 
parameters  can  be  used  to  consma  a  modal  modeL  .A  model 
based  on  modal  analysis  has  two  advanages  over  other 
model  idendficanon  techniques.  The  modal  model  retains  a 
simple  physical  cotrespondence  between  the  identified  model 
and  the  structure  which  is  lost  in  many  sate  space  based 
idendficadon  methods.  Another  advantage  is  chat  an  inidal 
assumpdon  of  the  of  the  structure's  dynamics  allows  the 
modal  parameters  to  be  idendfied  from  a  reiaeveiy  small 
number  experimental  transfer  fiuedon  measurements.  In 
modal  analysis  it  is  assumed  that  the  stnicnire’s  dynamics  are 
represented  by: 

Mj*Cy*Ky  =  u  (1) 

where  M,  C  and  K  are  symmetric  and  posidve  seaidefiiiite 
matrices,  y  is  vector  of  displacements  and  u  is  a  vector  of 
inputs.  It  is  also  assumed  that  the  stracmre  is  dme  invariant, 
the  modes  are  distinct,  and  a  driving  point  transfer  funedon 
(collocated  sensor  and  actuator)  is  available.  There  are 
methods  available  to  be  used  on  stnictures  which  do  not 
conform  to  these  assumpdons:  Ewins  [2]  discusses  the 
problem  of  using  modal  idendficadon  on  aoa*linear  systems 
and  Inman  [3]  dlmusses  modal  idendficadon  for  asymmetric 
M,  C  and  K  matrices.  In  this  paper  the  issues  of  model 
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idendficaiion  when  there  are  repeated  eigenvalues  and  when 
the  a  driving  point  transfer  fiwcdon  is  not  available  are 
aridt—”*** 

In  modal  analysis  of  a  passive  strucnire.  mucniral  inpuo  are 
obtained  &om  a  h»mnmT  or  a  shaker,  and  smctunl  outputs 
aie  obtained  by  attaching  accslerometeis  or  strain  gauges. 
An  active  structure  has  actuators  and  sensors  as  an  integral 
pan  of  the  structure.  Here  the  excitanon  points  needed  for 
modal  analysis  are  the  actuators  of  the  active  strucnire  and 
the  strucrui^  outputs  are  the  built  in  sensors.  In  an  active 
structure  such  as  the  sman  antenna  which  uses  piezoeiecnic 
for  both  the  sensors  and  ±e  acnutois  (this  strucnire 
is  discussed  later  in  the  paper),  any  given  piezoelecnx  sensor 
and  actuator  element  can  be  used  as  an  acniator  or  as  a  sensor 
durutg  modal  analysts. 

It  is  well  known  that  when  the  eigenvalues  are  disdnc:  and 
the  structure  is  of  the  foim  given  oy  equanon  (I)  then  the 
modal  paiainemrs  can  be  idendiied  hotn  a  single  column  of 
the  leceptance  mamx.  This  is  equivalent  to  saying  ±ac  the 
modal  parameters  can  be  obtained  from  experunentai  nansfer 
functions  between  a  single  input  and  m  sensor  outputs.  When 
the  eigenvalues  ore  not  disnnc:  or  when  a  collocated  misfer 
function  is  not  available  then  in  order  to  identify  the 
structure,  multiple  inputs  are  required.  Each  of  these  oases  is 
discussed  in  the  following  secdons. 

Modeling  When  Eigenvalues  Are  Distinct 

Equation  (1)  can  be  put  into  a  symmetric  state  space  format: 

Cq-//q  =  f  (2) 


where: 


•  ^  *  [fir?  j  ’  ^  ®  ^  “  [o. 


There  exists  a  transforcnation  matrix  '?  orthogonal  with 
respect  to  G  which  will  diagonalize  the  system  in  (21: 


A’] 

A  *  diag(k^ ).  a'  *  dia^fX, ) 


(4) 


The  transformation  matrix  'P  is  partitioned  in  the  following 
manner. 


Where  the  columns  of  <b  are  the  mode  shape  veemrs  of  the 
system  given  in  (1)  and  the  rows  of  O  are  the  modal 
panicipaiion  vectors. 

Substituting  the  transformation  qs'Px  into  equation  (2) 
results  in  the  diagonal  equation: 

Equation  (6)  can  be  cast  in  the  familiar  state  space 
formulaiion: 


O) 


where: 


and  D  is  the  direct  ttansmission  matrix.  The  objeesve  of  the 
modal  modeling  is  to  identify  the  A.  B.C^tedD  nr-amT..,  ^ 
equation  (8).  The  columns  of  Cg  (also  the  rows  of  fl)  are  the 
mode  shapes  and  ire  designated  e,  where  r  con  vaiues 
from  1  to  2n  (a  is  the  number  of  DOF  retained  in  ±e  model). 
The  columns  of  B  (and  the  rows  of  Co)  are  the  modal 
panicipanon  veemrs  ind  are  designated  bt  where  i  can  ake 
values  from  1  to  tn  (/n  ts  the  number  of  measurement 
locanons.  Note  that  in  the  idenniied  nmdei  the  number  of 
coiumns  of  B  is  not  necessardy  equal  to  In  but  wiii  instezd 
depend  on  the  number  of  experimental  measurement 
locanons.  The  i*  element  of  the  row  of  <©  is  designated 
0tr  and  is  called  the  mndai  pametpadon  factor.  Taking  die 
Laplace  Transform  of  (7)  and  substituting  (8)  resuits  m  in 
tnput/ouiput  reianonship  involving  the  teceptancs  matzat  cu 


Y(r)  =  C.(i/-A)'*flU(i)^DU(s)  (9) 

Y(r)  =  a(j)U(r)  (10) 


a(i)  =  [ol<b'’ 


^(i/-A)- 

J 


:(x/-aT|o-j 


(11) 


It  follows  from  equation  (10)  that  the  transfer  funenon 
between  the  i***  output  and  the  input  is: 


U,(s)  fi  +  X,  ' 


(i:5 


The  numerators  of  (12)  may  have  both  real  and  imaginar;/ 
parts  and  in  the  normal  mode  assumption  (proportional 
damping)  the  numerators  will  be  purely  imaginary.  The 
experimental  transfer  function  between  the  output  and 
input  is  tneasured  to  be: 


r,(s) 

U,W 


(13) 


The  modal  panicipaiion  faemrs  tir  are  identified  by  equating 
the  residues  of  the  experimental  transfer  fimetioa  (which  are 
the  numerators  of  equation  (13))  to  the  residues  of  the 
assumed  model’s  transfer  funedon  (which  are  the  numerators 
of  equanon  (12)).  Only  a  single  column  of  the  receptance 
matrix  a(s)  needs  to  be  measured  to  provide  sufficient 
equanons  to  determine  all  m  n  modal  panicipatioa  factors 
Pir.  This  is  equivalent  to  saying  that  o^y  a  single  input  is 
needed  in  obtaining  the  required  transfer  fiinctions.  Equating 
the  numerators  of  equadon  (12)  with  the  numerators  of 
equadon  (13)  and  using  the  input  /s)?  results  iiu 


t=  1  to  m  rsl  to  It 


(14) 
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which  deschbesm-Acquanoas  and  m-noakaowiu.  Thoeisa 
closed  (bim  sotaihon  to  the  eqaanons  described  by  (14).  The 
equadon  iavolvtng  the  driviof  point  is  solved  aad  dgr 
is  found.  The  oodal  parectpadon  fKtor  dpr 
'seed"  fior  solving  the  tenammg  equadons. 

A  single  input  is  the  nwwiwinm  requiiaaeat  to  identify  the 
sinicaire  only  if  the  stncute  is  comroilable  from  the  input 
jm^.  Thesattctiiieiscontioaatalefromtbeinput>4  if  allof 
the  modal  peiriciparion  terms  in  the  modal  paracipation 
veemr  he  SR  not  aem  [4].  if  dte  snuctore  is  not  consoUabie 
from  >>0  then  nwre  than  a  single  input  will  be  teqnired  to 
identify  the  snctare. 


system  with  disdnct  eigenvalues  a  and  c  and  — wntni 
eigenvalue  Ir. 

Ax-rdu 


'a 

‘d  d,  d,  d,' 

b 

B» 

^  *1  *1  *4 

b 

A  A  A  A 

c 

.St  it  it  /4. 

An  orthogonal  simiiariiy  transfonnanon  is  aioitnrilv  chosen 
to  be: 


The  elements  <rf  the  modal  state  space  model's  (equadons  (7) 
and  (8))  B  and  C  ttamces  are  determined  by  eqnadon  (14). 
The  A  matrix  is  simply  a  diagonal  matrix  of  the  idendfl^ 
eigenvalues.  The  siements  of  die  D  matrix  dy  are  desemdned 
by  setting  the  residual  term  in  eqoanon  (13)  equal  to  the 
residual  term  in  equadon  (12):  ii/  *  kij.  For  many  strucnaes 
only  the  diagonal  terms  dij  will  be  non>zen.  diagonal 
term  relates  to  a  collocated  transfer  friocnoa  which  may  have 
an  equal  number  of  poles  and  zsros  in  the  measurement. 

Driving  Poua  Not  AwdiabU 

When  the  driving  point  is  not  available  equadon  (14)  vrill 
reduce  m  (m-l  )-n  equadons  and  m-n  unknowns: 

i*Itom  1*3  ''■Ion  (15) 

A  transfer  function  from  an  additional  input  /Wy  and  a  single 
output  i  'wiil  yield  an  addidonai  n  equadons: 

i  w  3  i  ■  Y  r*!  to  n  (16) 

Equation  ( 15)  together  with  equation  (16)  yield  m-n  equadons 
and  m-n  unknowns. 

Eigenvalues  Repeated  When  the  Eigenvectors  Linearly 
Independent 

Here  we  show  that  when  the  eigenvalues  are  repeated  with  a 
multiplicity  of  2  then  a  miniaum  of  2  inputs  are  required  to 
identify  the  modal  paincipadon  tems  . 

It  is  important  to  keep  in  mud  that  when  the  eigenvalues  are 
distinct  the  rows  of  the  B  tnaaix  (the  mode  shapes)  are 
uniquely  determined  from  expexixnental  data.  When  the 
eigenvalues  are  tepeaied.  there  are  an  infinite  aumber  of 
mode  shape  solutions  associated  with  the  repeated 
eigeirealue.  and  each  of  these  soludoos  is  relaaBd  to  another 
soludon  by  an  otthogonal  similarity  transfonnatioo.  Thnsfrv 
the  system  given  by  equations  (7)  and  (8)  there  exists  an 
ORbogonal  smdlatity  tnnsfocxnarion  T  such  than 

x»r'q  T^AT^A  S*T'B  (17) 

Note  that  the  A  matrix  (the  matrix  of  eigenvalues)  is 
unaffected  by  the  transformation  while  certain  rows  of  dw  B 
matrix  are  transfotmed  and  Other  rows  are  unaffected.  Those 
rows  of  B  which  are  associated  with  distinct  eigenvalues  are 
nnaffbcied  by  the  aansfotmadon  T  and  those  raws  associated 
with  repeated  eigenvalues  may  be  oansfixmed.  This  result  is 
best  shown  by  a  simple  example.  Given  is  the  following 


r 


‘10  0  O' 
0  COS0  -Sind  0 
0  Sind  cosd  0 
0  0  0  1. 


(19) 


Applying  the  zansformation  x  ■  r‘*q  to  equanon  (18)  :i  .s 
found  that  T~T  ■  I ,  T~ AT  «  A  ind: 


B-TB 
1  *1  w*».  < 


j  ^  A  li 

*z  h 


t% 


(19) 


Note  that  the  first  and  fourth  rows  of  B  are  d:e  is  the 
first  and  fourth  raws  of  B.  These  are  the  row  associated  with 
the  distinct  modes.  Note  also  that  ay  single  eiment  of  die 
repeated  mode  shapes  can  be  irbinrily  set  to  zero  by 
judicious  choice  of  the  transfonnanon  T.  For  instance  die 
element  in  the  second  row  first  column  of  BwiU  be  equal  to 
zero  if  6  is  chosen  such  that  d  » ta '*(«,//, ).  We  will  use 
this  property  to  obtain  u  extra  equation  in  solving  for  die 
modal  pattiripanoo  facors. 


Here  we  examine  the  transfer  fiutenoa  from  a  structure  with 
repeated  modes.  Assume  the  first  p  modes  are  repeated  with 
a  multiplicity  of  2  and  the  remainiag  inodes  are  disdnct.  The 
transfer  function  between  input/  and  ourpni  i  is  then: 


r.(4> 

U,i.s) 


ir 


I 


Ml 

j  +  L, 


(20) 


The  subscript  preceding  (either  a  I  or  a  2)  is  used  to 
differendate  between  modes  associated  with  a  repeated 
eigenvalue  r.  Equating  the  numerator  terms  in  equadon  (20) 
with  the  numerator  terms  in  the  experiment  transfer 
fiincdon  equation  (13)  and  using  the  input  results  iru 


r»\v>p  (21) 


which  yields  2m-p  unknowns  and  m-p  equations.  An 
iddidoiial  p(/n-/)  equadons  can  be  obtain^  by  using  ^ 
second  mput/wy; 


i-ltom,  (•p  fwlmp  (22) 
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which  ogetber  with  equahon  (21)  yield  2mp-p  equations. 
Another  p  equations  are  obtained  by  arthtnhly  setting: 

0  (23) 

Equations  (21),  (22)  and  (23)  yield  the  2mrp  equations 
necessary  to  solve  for  the  eieaents  dy  using  expenmentai 
transfer  funcaons.  Note  that  in  older  to  obtain  a  detetimned 
set  of  equaoons  it  is  necessary  to  use  2  inputs.  The  procedure 
deschbed  by  equations  (21),  (22)  and  (23)  can  be  extended  x> 
show  that  when  an  eigenvalue  is  tepeated  with  a  multiplicity 
of  q,  then  a  nmnimum  of  q  input  locations  are  necessary  to 
obt^  a  determined  set  of  equations  provided  that  the  system 
is  controllable  from  the  chosen  q  inputs.  If  the  system  is  not 
controilabie  from  the  chosen  q  inputs  then  addidonal  input 
locations  or  location  wtU  be  needed  ao  identify  die  structure. 

Solving  equations  (21),  (22)  and  (23)  will  also  reveal  whedter 
a  mode  is  repeated  or  distincL  If  it  found  &om  die  solution  of 
(21}.(22)  and  (23)  that  the  mode  shape  is  a  vector  of  zeros. 
Le.  /Or  w  0  ,  then  this  mode  is  disonc:  and  the  assumption  of 
a  repeated  mode  is  incoiiec^ 

Dnving  Point  Not  Available 

When  the  driving  point  is  not  available,  then  die  incut  j=^ 
will  provide  (m-l)p  equations; 

-=ltom  t»3  r»Itop  (2-t) 

An  additional  (m-2)p  equauons  are  obtained  horn  a  second 

input  location  y  wv; 

i«ltom.  i»(i  i*'i  r=ltop(25) 

The  remaining  necessary  equacons  can  be  obtained  by 
measuring  three  transfer  ftinctions  mom  a  third  inputywS: 

iwy  1*5  raltop  (2S) 

Equations  (2U),  (22)  and  (26)  togedier  with  equation  (23) 
describe  2m-p  equations  and  2m-p  unlcoowns. 

3.  ISSUES  IN  IDENTinCATION  AND  CONTROL 

The  Benchmark  System 

The  benchmark  system  is  used  for  comparison  of 
identification  schemes  on  a  known  reference  (Figtn  1). 
Each  of  the  eight  rigid  spokes  is  connected  by  a  pin  joint  and 
a  torsional  spring  to  the  rigid  hub.  Each  of  the  spokes  is 
connected  at  the  end  opposite  to  the  pin  to  its  neighboring 
spoke  by  a  linear  spring  (a  small  angle  assumption  is  made 
for  rotation  about  the  pin).  The  toisional  springs  represent 
the  sadness  of  the  antenna  rib  and  the  linear  springs 
represent  the  coupling  between  the  ribs.  When  the  coupling 
is  wnaii,  the  ribs  aa  independently,  when  the  coupling  is  high 
repeated  or  nearly  repeated  inodes  are  found.  Each  of  the 
torsional  springs  is  given  a  slightly  different  value  to 
represent  the  manufacturing  tolerance  of  the  rib  stiffness. 
Simulated  transfer  funcnons  are  measoied  between  the  inputs 
at  spokes  1  and  2  and  the  outputs  u  spokes  1, 2  and  3.  ^om 


any  one  SISO  a  nmunuin  of  5  modes  ire  idenoried  2  of 
which  are  disnne:  and  3  of  which  are  repeated. 

Modal  Model 

A  veruicanon  of  the  modal  analysis  xchmque  is  per; armed 
using  the  benchmark  system  as  a  reference.  Using  die 
residuals  from  die  simulated  nnsfer  funcaons.  die  modal 
paroc'.paaon  veemts  are  correedy  idenoried  usuig  rouacons 
(21)>t^3).  In  solving  the  equaoons  no  assumpnons  are  made 
about  which  modes  are  disanct  and  which  modes  are 
repeated.  In  die  soiuoon.  die  2  modes  shapes  associate  with 
a  repeated  mode  fonn  a  linearly  independent  pair.  The  2 
solved  mode  shaoes  associated  'with  a  disnne:  mode  are  a 
non- zero  modeshape.  which  is  the  cotrec:  modesnape.  and  a 
modeshace  consisting  of  a  vector  of  zeros,  wnic.n  can  be 
di&carcea  in  me  model. 

ERA  Model 

After  venfymg  die  modal  analysis  method  on  the  be.nc.hmarx 
system,  the  Eigensystem  Realization  .Algorithm  HR.Ai  is 
used  ;o  obtain  a  2  input  3  output  state-space  mode:.  The 
objecuve  is  to  determine  whether  ERA  can  accurately 
identify  the  modal  parameters  of  a  system  which  exhibits 
closely  spaced  and  nearly  repeated  eigenvalues.  The 
advanuge  of  ER.\  over  the  modal  analysis  method  is  mat  :t 
uses  die  ame  dau  direedy  to  fonn  the  model.  I:  is  not 
necessary  to  perform  any  type  of  idenhrication  to  obtain  die 
SISO  nansfer  riuenons. 

Whedier  identifying  the  benchmark  system  or  me  acniai 
strucrure.  the  method  of  acquiring  the  ERA  mode:  is  as 

follows.  The  system  is  excited  by  a  random  signal  input  into 
the  first  acniator  and  the  desired  sensor  measurements  are 
obtained.  This  process  continues  for  all  of  the  necessary 
acniator/  sensor  relationships.  After  all  of  the  tests  are 
compiete.  an  FFT  algorithm  uses  the  time  data  to  calculate 
the  impulse  response  of  the  system.  The  results  are  input 
into  an  ER.A  program  which  forms  the  state-space  model  of 
the  system.  The  algonthms  used  for  this  proced'Jie  are 
available  in  the  SOCl  Toolbox  [5]. 

In  terms  of  the  naninl  frequencies  and  damping  ratios.  ERA 
is  able  to  accurately  idendry  ail  but  one  of  the  pammerers. 
From  the  singular  values  of  the  Hankel  matrix,  the  order  of 
the  suce-space  model  is  chosen  to  be  16,  as  it  should  be. 
Except  for  the  fact  that  ERA  did  not  identify  the  3.3397  Hz 
mode,  the  idenoried  nanmi  frequency  and  damping  ratios 
show  good  agreement  with  the  actual  values  [Table  1].  Of 
course,  it  must  be  remembered  that  the  time  data  for  this 
analysis  is  noise-free,  a  characteristic  that  won  t  be  present  in 
an  experimenL 

Table  1.  Actual  and  ERA  idenafied  natural  frequencies  and 
damping  ratios  for  die  benchmark  system. 

Actual  Identified 


q)(Hz) 

;(%) 

Q}(Hz) 

;(%) 

1.5804 

1.0070 

U800 

11006 

1.9935 

0.7984 

1.9443 

0J38I 

1.9973 

0.7968 

1.9965 

0.8072 

2.7501 

0.5787 

10085 

0.8102 

2.7504 

0.5787 

2.7391 

01312 

3.3375 

0.4769 

2.7400 

01522 

3.3397 

0.4766 

3.3366 

01700 

3.5539 

0.4478 

3.5544 

0.3630 
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Although  ER.\  idendf.ed  rcost  of  the  lumrai  frequencies  and 
damping  ratios  correctiy,  the  resulting  transfer  functions 
contain  errer  in  both  the  magnitude  ind  the  phase.  Rguie  2 
compares  the  actual  SISO  transfer  fiincson  between  sensor  I 
and  actuator  1  and  the  one  obtained  mm  the  idendfied 
model.  The  magnitude  matc.bes  over  most  of  die  frequency 
range,  but  a  large  enor  exiss  in  the  phase.  If  the  idendfied 
model  is  the  basis  fdr  a  control  system  design,  this  error  in 
the  phase  is  a  major  concern.  A  vtbradon  suppression 
scheme  based  on  the  identified  model  would  be 
fundamentally  different  than  one  designed  from  the  acmal 
transfer  hincdons. 

The  Smart  Antenna 

The  structure  under  examinadon  is  an  eight  nebed  smart 
antenna,  as  shown  tn  Figure  3.  At  the  clamped  end  of  S  of 
the  hbs.  a  single  piece  of  piezocerazmc  is  bonded  :o  each  side 
of  the  oeam.  Each  piezoceramic  has  dimensions  0.0152  x  6.4. 
X  2.3  cm  and  is  separated  into  rato  eiecm.cally  isolated  scrips, 
the  larger  area  is  used  for  acroadon,  ’he  smaller  area  is  for 
sensing  [Piezo  Product  maierral  G11951.  Control  laws  are 
implemented  using  an  Optima  3  digital  coniioiler  and  data 
acquisidon  is  performed  on  a  Tekmonix  2630  Fourier 
Analyzer.  The  sensor  for  he  modal  xsts  is  an  optical  probe 
from  Philtec. 

To  identify  which  natural  frequencies  of  the  antenna  are 
repeated,  two  separate  modal  msts  are  performed.  For  the 
first  modal  analysis,  the  piezoceramic  on  nb  I  is  ised  as  an 
e.xc:tadon  source,  and  the  dispheement  at  the  dp  or  each  nb 
is  measured  with  the  opdeal  probe.  The  naiuial  frequencies, 
damping  rados,  and  residues  are  then  calculated  using  the 

ST.AR  Modal  Analysis  package  (Table  2].  A  second  modal 
test  is  penonned  in  the  same  manner,  stespt  that  he  acniator 
located  on  rib  2  provides  he  excitation. 

Taiit  2.  Satural  frequenci£S  (in  Hz)  of  the  five  modal 
peaks,  as  calculated  from  the  tmo  inputs. 


Mode 

Input  1 

Input! 

1 

9.66 

9.71 

2 

10.41 

10.44 

3 

11.51 

11.63 

4 

I2J8 

12J8 

5 

17.23 

17.25 

The  results  of  the  individual  tests  are  used  to  determine 
which  of  the  antenna's  eigenvalues  ate  repeated  and  which 
are  distinct.  From  any  one  SISO  transfer  funedon.  only  five 
modal  peaks  are  well  defined.  Thus,  each  test  yields  modal 
parameters  for  five  modes.  Since  there  are  eight  nbs  in  the 
antenna,  there  are  eight  eigenvalues  with  associated 
eigenvectors  in  the  first  modal  cluster.  Since  only  five  modal 
peaks  are  visible  on  any  one  SISO  transfer  funedon.  two  of 
the  modes  are  disdna  and  three  are  repeated.  To  find  the 
repeated  modes,  the  eigenvemois  that  conespond  to  the  same 
modal  peaks  from  the  two  separate  transfer  funcsons  are 
compared  in  terms  of  the  Modal  Assurance  Criterion  (MAO 
[2].  If  the  MAC  is  very  close  to  zero,  this  indicates  that  the 
eigenvectors  are  linearly  independem  and  the  corresponding 
eigenvalue  is  repeated.  If  the  MAC  is  close  to  one,  then  the 
two  eigenvectors  differ  only  by  a  scalar,  and  the  eigenvalue 
could  be  distinct.  This  second  test  is  not  definidve  since  an 
eigenvalue  could  have  a  MAC  value  of  one  and  sail  be 
repeated. 


The  results  of  the  MAC  tests  for  the  two  separate  daa  sets 
are  listed  in  Tabic  3.  For  the  first  two  modes,  the 
eigenvectors  that  are  excited  from  input  I  are  definitelv 
orthogonal  to  those  that  result  from  an  excttacon  at  input  i 
Conversely,  the  fifth  mode  is  the  same  irregaxdless  «'  the 
locanon  of  the  input,  merefoie  the  corresponding  eigenvalue 
is  disanct  For  the  remaining  two  modes,  me  results  are  not 
as  clear.  By  examining  the  mode  shapes  mar  msuli  bom  the 
two  separate  excitauons.  it  is  determined  mat  mode  i  i$ 
distinct  and  the  third  mode  is  repeated.  This  conclusion  is 
supported  by  me  results  of  me  Modal  Assurance  tesL 

Tahle  3.  T!ie  .^AC  comparison  for  the  two  separate  modal 
tests.  The  higher  the  value,  the  larger  :ne  corrtiation 
between  the  modes  from  the  two  inputs. 

Input  2 

I  :  3  i  5 

1  0.02 

2  0.16 

Input  I  3  0m2 

a  0.32 

5  0.9a 

The  difference  between  mpeaicd  and  distznc:  modes  can  be 
illustrated  by  examining  me  mode  shapes  mat  result  nom  ’he 
two  separate  inputs.  Figure  4a  is  the  film  mode  shape 
resulting  from  an  input  at  rib  1.  and  Figtme  ab  is  me 
mode  exc'.ted  by  an  input  at  nb  2.  To  me  degree  of 
expenmentai  acciracy.  me  shape  of  me  mode  is  independent 
of  the  locanon  of  the  input,  whic.h  means  that  the 
corresponding  eigenvalue  is  disdnci  This  is  consistent  -anm 
me  MAC  value  being  0.94  for  mese  two  modes  (Table  31. 
The  next  pan  of  Figure  4  contains  me  modes  mat  result  from 

an  excitation  at  me  second  natural  frequenm.!.  From  F.gures 
4c  and  4d.  it's  clear  that  me  mode  shapes  cha.-.ge  depending 
on  the  location  of  the  input  This  indicates  that  me 
corresponding  eigenvalue  is  repeated,  which  again  is 
consistent  with  the  .MAC  result 

The  procedures  for  identifying  me  sman  anmnna  wim  modal 
analysis  or  ERA  are  sircar  but  there  is  one  important 
difference.  Both  ate  based  on  random  input/  random  output 
time  domain  responses  between  all  of  the  necessary  acniator 
and  sensor  locations.  For  the  modal  analysis  approach,  me 
number  of  measurements  is  affected  by  die  availability  of 
driving  point  residues.  Once  the  individual  input/  output 
responses  are  obtained,  the  transfer  funenons  are  identified 
using  a  Recursive  Least  Squares  prograiB.  The  transfer 
funenons  are  expanded  into  the  pole- zero  form  of  equation 
(13)  and  the  identification  of  the  antenna  is  completed  by  me 
approach  derived  in  section  1.  If  ERA  is  used,  no  SISO 
identificanon  is  necessary.  Once  the  time  data  between  all  of 
the  inputs  and  outputs  is  acquired,  the  impulse  responses  are 
obtained  by  use  of  on  inverse  FFT.  The  ERA  algorithm  can 
then  be  used  to  find  the  srace-space  modeL  Although  at  first 
it  seems  cumbersome  to  identify  SISO  inssfer  funenons  in 
order  to  do  me  modal  analysis,  this  might  turn  out  to  be  an 
advantage  because  the  individual  inrufer  funenons  are 
forced  to  be  accurate  before  the  identificadoa  is  petfutned. 

Although  a  full  experimental  idendficanon  and  control  of  the 
sman  antenna  has  not  been  perfonned,  preiiminaty  results 
illustrate  the  importance  of  obtaining  an  accurate  MIMO 
model.  Previous  studies  show  that  simple  SISO  models  can 
be  used  in  conjunedon  with  collocated  control  laws  to  obtain 
an  increase  in  structural  damping  [6].  Unfbrtuiuiely,  the 
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ia  daspini  acltieved  is  limited  due  to  the  existence 
(tf*  closely  spaced  and  repeated  modes,  (n  the  future,  it  is 
desiied  to  use  both  collocated  and  aon-coilocated  control 
laws  to  obtain  a  larger  increase  in  the  closed  loop  damping. 
For  these  types  of  consol  schemes,  it  is  very  imporont  to 
have  an  accurate  oodeL  As  discussed  in  secson  2,  it  might 
be  difltcult  to  achieve  the  necessary  accuracy  using  a  dtxM 
domain  technique  such  as  ERA.  The  next  step  in  our 
modeling  study  is  »  apply  the  siodal  analysis  approach 
developed  in  secdon  I  to  an  experimental  identificanon  of 
the  smatt  antenna. 

4.  CONCLUSIONS 

A  modal  analysis  technique  that  idennnes  MIMO  models  of 
structures  that  contain  repeated  or  nearly  repeated 
eigenvalues  was  presented.  The  memod  is  an  extension  of 
the  well  establish^  precedure  diai  applies  if  the  eigenvalues 
of  the  system  are  disonct.  For  a  system  containing  repeated 
eigenvalues  with  multiplicity  q.  it  is  necessary  to  have  q 
inputs  for  the  modal  tests,  ^uanons  were  der.ved  for  die 
systems  when  the  driving  point  msidues  are  available  as  well 
as  for  systems  with  no  driving  point  inioreiaaon. 

Comparisons  were  made  between  the  modal  analysis 
approach  and  die  Eigensystem  Reaiizaaon  Aigonthm.  The 
modal  analysis  technique  is  based  on  the  availability  of  SISO 
cansfer  functions  of  the  necessary  input/  output  reianonshics. 
Accurate  SISO  models  are  easily  obtained  with  time  domain 
idennficaiion  techniques  such  as  Recursive  Least  Squares. 
These  transfer  functions  are  expanded  and  the  resulting 
residues  form  die  basis  for  the  modal  analysis.  In  contrast. 
ERA  uses  the  ame  domain  dau  diiecdy  and  rerums  the 
modal  parameters  as  well  as  a  state-spac:  model.  A  study 
conducted  on  a  simple  model  indicated  that  £R.\  identuied 
the  natural  ftequencies  and  damping  raoos  well,  but  had 
difSculty  matching  both  the  magnitude  and  phase  of  die 
actuator/  sensor  transfer  funcions. 

Preliminary  experimental  lesults  on  idendEcation  and  control 
of  a  smart  antenna  were  also  presented.  Two  modal  tests 
were  performed  and  the  repeated  modes  of  die  structure  were 
identified  using  the  Modal  Assurance  Criterion.  The 
importance  of  understanding  the  nature  of  the  repeated  modes 
was  discussed  in  reladon  to  designing  active  vibration 
schemes  for  the  smart  antenna. 
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Figure  1.  Benchmark  system  for  comparing  idenaficztion 
methods.  The  eight  degree  of  freedom  lumped  pararreter 
system  displays  much  of  the  dynamic  response  characterjnes 
found  in  the  flexible  anienna. 
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fisquMcy  i.Kt) 

Fifurr  2.  Comparison  ber-veen  ax  acrjol  fdoiud)  and  ERA 
(solid)  idetuifisd  transfer  funcaon  for  the  benchmark  system. 
The  model  agrees  well  in  terms  of  the  magnitude,  but  the 
phase  contains  significant  error. 


Figure  4.  A  comparison  of  the  mode  shapes  of  the  antenna 
from  two  separate  iignta.  Thef^th  mode  is  disdnct.  since : 
shape  is  independent  of  the  input  location  (a  and  b>.  For  : 
ucond  mode,  the  shape  is  dependent  on  the  location  of : 
input  (c  and  d),  thertfitre  it  is  a  repeated  mode. 


Figure  3.  The  smart  antenna  test  structure.  Location  and 
design  of  the  piezoceramics  are  shown. 


(a) 

pomade 


(h) 


1424 


TM3- 17:00 


COMPARISON  OF  VIBRATION  CONTROL  SCHEMES 
FOR  A  SMART  ANTENNA 


Jef&ev  J.  Dose.-' 


f  ^  Department  Of  hdechanical  <i  Aerospace  En^uieer^f 
>"•  State  Untversuy  of  Sew  York  at  3u^alo 

i  Burfaio.SY  l-t26Q 


Donald  J.  Leo^ 


Daniel  J.  Inman* 


abstract 

Two  acave  vibration  cantroi  sc.-.emes.  Pasiuve  Pcsiuon 
Feedback  (PPF)  and  Acave  Vibracon  Absorber  (AVA).  are 
expenmentally  implemented  wica  an  eight  nbbed  smart 
jotenna.  Mounted  on  five  of  die  eight  nbs  are  collocated 
piezoceramic  sensor/  actuator  pairs  creaang  a  muiu-tnput 
muiti-ouqnit  control  stracture.  A  SISO  pole  zero  mocei  of  one 
of  the  antenna  ribs  is  idennned.  The  design  parameters  for  the 
AVA  and  PPF  controUeis  are  numencaily  opamized  from 
sunuiaiions  of  the  SISO  model.  The  design  parameters  found 
in  the  SISO  simulations  are  then  implemented  in  the  MIMO 
stnicmre.  Theoiedcai  stability  bounds  for  collocated  and  non- 
collocated  control  for  both  the  PPF  and  AVA  control  jc.he.mes 
ate  also  presented. 
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of  the  flexible  antenna  testbed  is  provided  with  a  discussion  of 
the  algorithm  used  to  design  the  controllers.  Results  of 
experimental  implementaaon  is  then  presented  for  dhe  di^ereni 
control  schemes.  The  final  section  gimmameg  die  important 
conclusions  and  provides  direcaon  for  himre  research. 

2.  SECOND  ORDER  CONTROLLERS 

In  this  section  a  general  mathematical  fiamework  is  introduced 
from  which  the  stability  of  PPF  and  AVA  are  compared.  The 
dynamics  of  a  flexible  structure  coupled  to  a  second  order 
controller  can  be  expressed  as. 

srjcturr. 

/q*  A,q-f.\,q»S'’fla  (1) 

(2) 


1.  INTRODUCTION 

Viteadon  suppression  of  a  flexible  antenna  is  compiicaied  by 
existence  of  closely  spaced  modes  and  repeated  natural 
frequencies.  A  further  difficulty  is  that  the  configundon  of 
such  structures  makes  the  use  of  standard  acoiaiors  such  as 
proof  masses  and  torque  wheels  infeasible.  These  problems 
can  be  overcome  by  applying  smart  structure  technology 
combined  with  conooi  laws  that  exploit  the  benefits  of  sensor/ 
acaator  collocation.  Distributed  seoson  and  actuators  such  as 
piezoceramic  material  are  well  suited  to  this  problem.  [1]. 
They  can  be  readily  integrated  into  the  structure  without 
agihficantly  increasing  the  weight  or  compromising  structural 
integrity.  Another  important  feature  (tf  the  smart  structure 
approach  is  that  the  sensor  and  actuator  can  be  virtually 
collocated  with  one  another.  In  this  snaoon.  control  laws 
tuch  as  Positive  Posinoo  Feedback  (PPF)  [2]  and  Active 
Vibration  Absorbers  (AVA)  [3]  can  be  implemented  in  a 
tttaightforward  manner.  D^gn  of  these  controllers  can  be 
accomplished  with  only  crude  models  of  input/  output 
relahoi^ps.  They  ate  also  inherently  robust  with  respect  to 
oncenain  or  uniiio^ed  dynmics.  These  atinbutes  are  very 
impomni  for  this  problem,  since  obtaining  an  accurate  model 
of  a  flexible  anteana  is  diffioilt 

The  intent  of  this  piper  is  to  compare  vibration  suppression 
schemes  on  a  flexible  antenna  that  contains  piezoceramic 
actnamn  and  season.  The  consol  laws  studied  are  PPF  and 
AVa.  Important  consideraixon  is  given  to  the  fact  that  the 
experimental  testbed  exhibits  the  problem  of  closely  spaced 
eod  tepeaaad  oansai  ftequencies.  The  p^ier  is  organized  in  the 
foiloi^ng  fluaner.  First,  the  framework  Cor  the  and  AVA 
consoflen  is  aadined  and  the  two  technigges  ate  compared. 
Theoretical  stability  conditions  are  also  derived  in  terms  of  die 
deSgn  variables  and  ssncOBal  parametexx  Next,  a  desctipdaa 


controller 

^4.  (3) 

7*  *  ^J.q.  •  7m  •  ^.4,  •  7m  *  ^-4.  W 

where: 

Sinxn)  matrix  of  eigenvecton 

\g(n  X  /i)propocuonaI  damping  matrix  diag(2CiO}i) 

A^(r  X  r)coniroUer  damping  matrix  diag(2(|cio:ki) 

Af(AX7i)  sBuenire  sdffiiess  maoix  diag(Q)i^) 
controller  stiffiiess  maoix  diag((0ci^) 

q(nx  1)  struemre  modal coocdlnaie 
q,(r  X 1)  controller  coordinate 

H^inxr),  H^imxr),  //^(mxr)  controller  output  matrix 

//.(j.  xn),  x/i).  //^(s^  x/i)  structure  output  matrix 

Bin  X  m)  structure  input  masix 

7. (U  1) .  7.(U  X 1) .  7.  (J^  X 1)  system  output 

7,('’xl).  7,('’xl).  y<,(/’5<l)  controller  output 

a.(r  X  Oconttolkr  input  vector 

a(in  X 1)  system  input  veemr 

nastrucoire  degrees  of  freedom,  ffiaoumber  of  actuaton. 
ranumber  of  control  filters,  s^SmSe*  number  of  acceleration, 
vekxiiy  and  displacement  sensors 

The  matrices  A,  and  A,arB  poiidve  definite  and  and 
A^  are  chosen  to  be  positive  wanktefinim.  The  input  matrix  S 
is  by  the  Incanon  of  the  acmaioa  on  the  sBucoae  and 
the  measuRfflent  matrices  /f«.  and/f^are  defined  by  the 
location  of  the  acederanoo,  vdo^  and  displacement  sensors. 
In  generaL  the  locadoo  of  the  actnam  will  not  be  the  same  as 
the  locaiioo  of  the  sensors  (non  collocated  control).  The 
flexible  system  and  connoOer  are  coopled  by. 


« -<1.  -<7j.) 


(5)  and  substituting  equation  (13)  into  the  P?F  closed  loop 

(6)  snfftieas  matrix,  equinon  (11).  tesults  in  die  symmetnc  matnx. 


where  B4,.  SMtaa  the  conaoUer  input  gain  nucrices  and 
G4f  C,.  G,  are  direa  nansmission  macrtces  diiealy  coupling 
the  siiucntre's  sensois  to  the  acaiauas.  Combining  equations 
(l)<<d)  results  in  the  sirucazxe  plus  controller  clos^  loop 
system. 


where : 


q.j'  ‘K-i  I 


-  ,rA, -S'5C.A^.5  -S'3H,' 
A,  . 


(T) 


A,. 


-a^Hj 


(i) 


The  closed  loop  system,  equation  (T),  is  stable  when  the 
matrices  D,  and  ^,are  synuaemc  and  positive  semidettntie. 
By  imposing  the  gain  and  sytsmeny  constraints: 

G.  •  HJB^,  C.  *  //,a;,3,.  G,  »  (9) 

and  {S' BN,  f  » 3,N^S  i^a,  v.ord  ( 10) 

the  matrices  .V/„  D,  and  Kt  must  be  symmetric  positive 
semideiinite  and  thus  closed  loop  stable  [3].  Juang  [31  calls 
controllers  of  this  form  AVA  and  are  chat^teiized  by  infinite 
gain  margins  when  consoaint  equations  (9)  and  (10)  are 
applied. 

PPF  is  to.  AVA  except  that  in  PPF  only  pomUon 

measurements  are  fed  back  and  there  is  no  direa  transmission 
termG^  Combining  equations  (1)^6)  and  setting  G«  G..  G„ 
Hy,  Hygy  atul  //«  eacfi  equal  to  a  zero  matrix  results  in  the 
closed  loop  PPF  equation: 

Af.^>*-O,q,-!-jr,q,*0  (11) 


-n: 


fU) 


A  symmetric  matrix  W  is  posrdve  semidefirute  u  (fj 


a  0  and  IV,  -  iVjJVlvVj  ^  0  (^  is  a  pseudoinverse  1 
fiv.  W.l 

where: 


It  follows  fiom  the  above  theorem  and  from  equations  (II;- 
^13),  chat  the  matnces  in  equation  (10)  are  posmve 
senudefinite  when 

\,-S'BH^\■iB^HJ^0.  (15) 

Controller  design  for  AVA  and  PPF  involves  choosing 
controller  parameters  and  A^  and  incut  matrices  3... 
3^  5«and  output  gain  matrices  for  best 

penormance.  In  the  AVA  controller  ±e  direct  transmission 
mauxt  is  fixed  by  equation  (9).  To  ensure  sability  of  the  AV  a 
and  PPF  contraller,  the  symmetry  conscramt  equations  (101 
must  be  imposed.  The  P^  conooller  must  in  addition  also 
meet  the  inequality  constraint  (Id)  to  ensure  sability.  it  must 
be  emphasized  that  the  given  stability  bounds  do  not  include 
the  effects  of  uninodeiled  sensor  and  acniator  dynamics  which 
are  always  present.  Also  the  symmetry  constraint  equation 
(10)  involves  eigenvecur  infonnanon  which  in  a  strucaire  is 
often  not  accurately  measured,  thus  leading  to  additional  loss 
of  control  robusmess  in  this  non<oUocaied  case. 

Collocated  Control 

Here  U  iu  shown  that  with  collocated  feedback  it  is  net 
necessary  to  impose  the  symmetry  constraint  equation  (10). 
Thus  the  collocated  controller  will  be  more  robust  to  a  poor 
modeL  It  is  shown  here  using  displacement  feedback  as  an 
example  that  the  closed  loop  equations  for  both  AVA  and  PPF 
are  symmeirizable  (a  transfonnadon  vo  dynamically  similar 
system  exists)  when  collocated  feedback  is  used.  If  the 
actuator  and  displacement  sensor  are  collocated  then 


where  q, ■[q’’  qrr* 


and  AT,  s 


A, 


Aw  J 


(12) 


With  PPF  an  inequality  constraint  is  placed  on  the  controller 
gain  for  stability.  Here  we  win  sbow  that  this  constraint  is  a 
fnnedon  of  die  smcoml  stUBoess  matrix.  Imposing  the 
syminetry  constraint  equation  (10)  00  the  displacement 

lllf  M1S*""****T*  *'  •> 


(S'B)':^F,  NJ^aB  (17) 

where  a  is  a  scalar.  Combining  equations  (l)-(6)  and  (17)  and 
using  only  displacement  measurements  (/f^  //«,  No,  and  N,, 
are  zero)  results  in  the  combined  structure  ami  controller 
equations  for  collocated  displacement  feedback: 

/q  +  A,q  +  A,q-PXq.-a^’^^'.^q 

/q.  +  A^q.  +  A^q.  «  oS^Pq  (19) 


(S'B/fj'  mB,,HJS^M' 


In  coUocated  feedback  each  sensor  is  able  to  communicate 
only  with  its  associated  collocated  actuator  resulting  in  sparse 
gain  matrices.  Tlie  controller  input  gain  matrix  has  ibe  block 
diagonalfotm: 


5  .. 


Tie  ternis  in  the  i*  column  vecwr  b  ...]  are 

the  gains  associated  with  die  acaator.  There  wUl  be  m  such 
column  veaois  (m  is  the  number  of  actuators).  The  nuxnoer  at 
terms  in  the  vector  bi  will  be  equal  to  the  number  of  cantroi 
filters  associated  with  the  i**  actuator.  Similarly  die  cancroller 
output  gain  manix  will  be  in  blade  diagonal  ebrm: 


r^,  ••• 


H{mxr): 


where  the  i^  row  vector  hi  is  associated  with  die  acmator. 
With  collocated  feedback  and  input/  output  matr.ces  in  the 
above  mentioned  block  diagonal  form,  there  is  a 
transfbimation  matrix  T  that  will  symmetrize  equations  (7)  and 
(8).  This  transfotmadoa  is  given  by: 


where. 


T  a  ^fadia, 


'  h 

tag  -J- 


Because  the  system  has  been  shown  to  be  symmeoizable,  the 
symmetzy  constraints  given  in  equanoo  (10)  do  not  need  to  be 
imposed  to  ensure  stability  in  the  collocated  case.  For  the 
AVA  controller,  as  I<»g  as  direct  transmission  equations  (9)* 
(10)  are  the  clomd  loop  system  will  have  infinite  gain 

margin. 

For  coOocaied  PPF  consoL  an  inequality  constraint  on  the  gain 
is  still  required  to  ensure  st^ility.  Substituting  the 
tnnsfonnation  equation  (22)  and  (23)  into  the  closed  loop  PPF 
equadon  (16)  transfonns  the  siiffiiess  matrix  (12)  to  the 
symmetiic  tnatrix 


Applying  the  positive  semidefiniie  test  given  bv  (IS). 

(1)  will  be  positive  semidefinite  ± 

(Zf) 

Equation  (23)  can  be  simplified  somewhat  by  arbicranly  fuung 
each  element  in  the  controller  input  gam  matrix  3^  to  be  squal 
to  the  square  of  the  corresponding  control  filter  natuni 
hequency.  for  example  (3  filters  and  3  inputs): 

'(ol  0  0  1 
cni:  0  0  I 
0  col,  0  j 
0  (Oi.  0  I 
0  0  ml. 

L  •tj 

Substimnng  a  matrix  of  the  form  of  (26)  into  (2>^  results  n  die 
simple  inequality  constraint  on  the  ouqiut  gain  matrix: 

\^-aP'HP>o  cr^ 

where. 


(IS) 


and  the  symbol  lb,  indicates  a  sum  of  the  elements  in  die 
vector  hi  given  in  equation  (21). 


The  AVA  and  PPF  control  designs  (with  displacement 
feedback)  are  compared  on  a  single  d^iee  of  freedom  (SDOF) 
undamped  system  [Bgure  1].  As  can  be  seen  from  the  root 
locus,  the  addition  of  the  zexns  on  the  real  axis  give  the  AVA 
controller  its  infinite  gain  margin.  The  asymptotic  behavior  of 
the  tool  locus  in  the  multiple  degree  of  freedom  (MDOF)  case 
would  be  similar  to  SDOF  case  due  to  the  interlacing  of  the 
poles  and  zeros  in  collocated  feedback.  Observing  the 
controller  magnitude  versus  frequency  response  it  can  be  seen 
that  the  AVA  controller  does  not  roll  off  at  higher  freqiKncies. 
Thus  in  a  teal  system  the  AVA  gain  is  limited  by  the  higher 
frequency  dynamics.  This  is  an  imponant  difference  between 
Che  AVA  and  PPF  controller.  The  P^  control  gain  is  limited 
by  the  stiffiiess  of  the  souciare  (equation  (27))  while  in  the 
AVA  controller  the  gain  is  limited  by  higher  frequency 
dynamics,  which  are  oftea  unmedeOed  in  the  control  design. 


where,  ■ . 


,.'3.  CONTROLLER  OFTIMIZATrON 

.  •  T  ♦  •  * 

The  testbed  for  the  AVA  and  P^  cdacroQers  is  a  smart 
flexible  antenna  structure  (Figure  2].  Molti-Inpnt-Multi- 
Output  (MIMO)  coniroi  capnUIiqr  is  provided  by  the  five 
collocated  piezoelectric  sensor/  actuator  pain  which  are 
bonded  to  fire  of  the  eight  atmoadba.  With  the  exception  of 
the  tPcIanoB  of  piezoelectric  eteacao,  the  test  antenna  is 
similar  (but  smaller  in  scale)  to  die  aon-snaft  antenna  which  is 
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part  of  the  CSI  Evolutionary  Model  located  at  NASA  Langley 
[4].  Parh  coQocated  sensor/  acttaair  is  manufactured  fiom  a 
single  slieet  of  piezoelecoic  material  (.0152  x  5.4  x  2J  cm. 
Piezoelectric  Products  material  G119S).  Tbe  electrode  surface 
of  tbe  piezoceramic  is  separated  into  two  electrically  isolated 
areas  T^ure  Z].  One  electrode  area  senes  as  tbe  actuator  and 
the  second  area  serves  as  a  sensor.  The  control  laws  are 
impkodited  digitally  wiiha  smn^ing  rate  of  1000  Sz  using  a 
Systolic  Systems'  Optima  3  (Sgiial  cmutoUer  and  response  data 
is  collected  using  a  Tektronix  2630  Fourier  Analyzer 
(Tekaaniz  Inc.,  Campbell,  CA). 

An  open  loqp  SISO  pole  zero  model  is  identified  using  a 
recursive  lattice  sancate  identification  program  which 
is  part  of  dwTeksoobt  software  package,  in  this  SISO  modd. 
bo^  the  diataibaiiOB  input  and  sensor  output  are  at  rib  1.  Tbe 
model  includes  ftequeades  from  0  to  20  Hz  and  a  duster  of 
five  doaely  spKad  inodes  is  identified  between  9.6  and  17  Kz. 
Not  inclnded  in  this  model  are  die  repeated  oamral  frequeiKies. 
the  second  cluster  of  modes  between  30  and  40  Hz  and 
subsequent  h^ber  modes.  Hie  fiat  cluster  cotrespoods  to  each 
individnal  t3i  vibrating  in  io  fint  mode  and  the  second  duster 
corresponds  to  each  rib  vibfating  in  its  second  mode.  The 
repeaiBd  iiataid  frequencies  can  oiily  be  identified  with  a 


complete  MIMO  identification.  A  constrained  cpumizsuon 
routine  is  used  co  design  the  conooUer  paramemis  .\((e  and 
Aoa*  The  optimization  minimizes  the  cost  function: 

(29) 

where  y{i)  is  the  antenna  response  to  a  unit  impulse  and  u(t)  is 
the  control  effort.  Values  for  the  weight  w  are  adjusted  to 
achieve  tbe  best  trade  off  between  minimizing  the  impulse 
response  and  minimizing  the  control  effort. 

In  the  control  design  each  acmator  is  capable  of  having 
multiple  filters  associated  with  it.  i.e.,  in  the  matrices 
Ac(rxr)  and  A^(rxr).risnotaecessatily  one.  Using  the 
PPF  connoU  tbe  optunization  is  petfotmed  on  the  SISO  model, 
both  using  one  control  filter  and  d^  two  control  filten.  It  is 
found  that  no  significant  redaction  in  the  cost  function  is 
obtained  using  multiple  filters.  This  can  be  attributed  to  the 
fact  that  tbe  five  modes  are  doseiy  spaced  and  the  model  does 
not  include  higher  frequency  raodia.  Tberefbre,  only  a  single 
filter  per  acaamr  is  0^  in  tbe  final  de&gn.  Table  I  lists  tbe 
optimized  pewneten  (br  tbe  AVAand  PPF  oontxoUer  and  tbe 
optimizaiioa  weight  w. 


Figanl.  Schematic  :ft£  esstrimental  smart  anunna. 

Tlie  opomization  of  the  control  parameters  is  based  on  the  nb  1 
SISO  transfer  funcuon.  When  the  VHMO  control  is 
implemented  experimentally,  control  parameters  found  from 
(he  nb  1  opdmization  are  used  on  all  of  the  controlled  nbs. 
Thus  the  matrices  /f^and  3^,  Af,and  are  diagonal 
mairtces  respecavely  of  the  form  dia%ih,  h,  ..j.  dLaq(b,bt, 
diagCtfla*  Ola*  •••)  and  diag(2iaa  ...)  where  /e„  b,.  oi,* 
2^ca,.  are  the  control  parameters  from  SISO  rib  I 
optumzaaon. 

Table  I:  Optimized  control  parameters  based  on  rib  1  SISO 
model  ( A*,  *  0)/ ,  Aj,  *  2^. 01, and  w  »  weight). 


PPF 

AVA 

<0, 

70.2 

118.9 

C. 

0J6 

0.499 

w 

1 

1  16 

*,  CLOSED  LOOP  TEST  RESULTS 

Three  different  active  control  schemes  are  impiemeniBd  oa  the 
'  smart  antenru  to  compare  their  perfortnance.  All  of  the  control 
I  strategies  have  the  same  objective:  to  increase  damping  in  the 
I  inodes  contained  in  the  9  to  18  Hz  fiequency  range.  The  first 
!  design  involves  a  single  Positive  Pt^tion  Feedback  filter 
sensing  and  actuating  on  rib  1.  Tlie  second  desi^  also  uses 
collocated  control  on  rib  1,  but  the  compensator  is  an  Active 
Vibration  Absorber.  FinaUy,  a  mulii-inpui-multi-outpui  PPF 
j  controller  is  implemented  on  libs  1  and  1 

i  SiBg)fInpnt*Siogk^tpat  Control 

Using  the  panmeieis  ofat^ned  from  the  opdmizadon  algorithm 
[shown  in  Table  1].  a  single  PPF  controller  is  implemented  on 
the  collocated  seasotl  actuator  pair  located  on  rib  1.  Open  and 
closed  loop  fflagninide  plots  are  shown  below  in  Figure  3.  This 
single  comroller  increases  the  damping  in  ail  of  the  modes, 
illustrated  by  the  rounded  peaks  of  the  closed  loop  magnitude 
nspQose. 
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Figure  3:  Eigierimenial  open  (dotted)  and  closed  iofp  ( solid) 
transfer  functions  for  SISO  PPF  an  the  smart  antenna. 

A  second  SISO  conixoUer  of  the  AVA  type  is  implemented 
using  collocated  control  on  nb  1.  For  diis  design,  a  high 
frequency  instability  at  approximately  300  Hz  occurs  when  the 
gam  is  set  to  the  optimal  value.  The  primary  reason  for  the 
instability  is  that  the  digital  imptemeatauon  of  the  controller 
causes  a  phase  loss  at  the  higher  frequencies.  Since  the 
magnitude  of  the  AVA  filter  does  not  loU-off.  :t  is  sensiuve  to 
unmodeiled  dynamics.  The  system  is  stabilized  by  setting  the 
gam  to  approximately  half  the  opiiaiai  value. 

The  damping  ratios  for  the  closed*loop  systems  are  obtained  by 
curve  fiuing  the  frequency  responses  using  the  STAR  Modal 
Analysis  package  (Stnictuiai  Measutemeni  Systems.  Milipitas. 
CA).  Except  for  the  mode  at  17  Hz,  the  PPF  controller 
increases  the  damping  more  than  the  AVA  Slier.  In  the  lowest 
two  modes,  the  PPF  controller  increases  the  damping  almost 
twice  as  much.  This  result  is  due  to  the  fact  that  the  gam  for 
the  AVA  design  is  not  set  to  io  opdmal  value  because  of  the 
300  Hz  instability.  Thus,  ibe  constant  gain  magntiude  at  high 
frequencies  limits  the  performance  of  the  AVA  controller. 

Table  2:  Closed  loop  natural  frequencies  and  damping  rmios 
for  SISO  AVA  and  PPF  control.  Disturbance  and  sensor  are 
both  at  nb  I .  Ooen  loco  results  are  shown  for  comoarison. 


Ooen 

Loon 

AVA  1 

PPF  1 

(0 

C(%) 

CD 

to 

961 

0.19 

9.61 

0.61 

9.67 

1.23 

10.32 

0.37 

10.31 

0.84 

10.32 

1.54 

n.36 

0.16 

11J6 

0.51 

11J8 

0.72 

12J5 

0.13 

12J3 

0.33 

12J5 

0.44 

16.97 

0.51 

17.00 

0.84 

17.02 

0.73 

Multiplc>InpatiVfultipic^utpBt 
The  SISO  results  indicate  that  an  increase  in  damping  is 
obtained  using  collocated  PPF  or  AVA  conooL  Unfonunaicly. 
controlling  one  tib  of  the  antenna  does  not  adequately  address 
the  problem  of  having  repeated  oantrai  frequencies  with 
linearly  independent  eigenvectors.  This  difficnity  is  tUunraied 
by  closing  the  PPF  control  loop  around  rib  1  and  obtaining  a 
transfer  fiinciioo  between  riba  I  and  2  (Figtira  4].  Although  it 
is  not  evident  fion  the  collocated  m^er  fiuetton.  there  are 


Ilia 


two  closely  spxed  modes  in  the  regkm  of  9  68  Ib.  One  of  the 
modes  IS  well  damped  and  the  other  is  snll  lightly  dampetL 

The  problem  of  controlling  these  repeated  nansai  frequencies 
is  addressed  by  implementing  a  Multi- Input-Muld-Output 
(MIMO)  connoUer.  Since  PPF  does  not  suffer  from  the  high 
frequency  msiabUity  problem  of  AVA,  it  forms  the  basis  for 
the  two-input-two-ouq}ut  design.  The  PPF  controller  designed 
for  rib  1  is  implemented  using  collocated  feedback  on  both  ribs 
1  and  2.  A  closed  loop  transfer  funcnon  between  ribs  1  and  2 
is  also  shown  in  Figure  4.  Mot  only  do  all  the  modes  show  an 
increase  in  dampuig.  both  modes  at  9.69  Hz  are  attenuated. 
Curveiiuing  values  are  consistent  with  this  result.  With  only  a 
single  control  loop  closed,  one  of  the  modes  at  9.69  Hz  has 
only  light  damping,  [mplemenong  the  .MIMO  design  increases 
damping  in  this  mode  com  0.2S  %  to  1.11  %  f^abie  3]. 


J:  Closed  loop  vuurol  frequencies  and  damping  ratios 
for  SISO  and  MMO  PPF.  Disturbance  located  at  no  I  and 


sensor  is  at  nb2. 


SISO  PPF  1  VOMO  PPF 

0) 

<a  i  C  f  ^ 

968 

0.28 

9.55 

l.ll 

9.69 

1.16 

9.75 

1.14 

11.59 

0.84  1  11.58 

1.43 

12.56 

0J2  1  12.55 

0.32 

17  03 

0.76  1  16.99 

0.91 

and  the  sensor  at  rib  I.  Dotted  line  is  SISO  PPF  on  rib  I,  solid 
line  is  MIMO  PPF  on  ribs  1  and  2. 

5.  CONCLUSIONS 

A  Study  in  the  control  of  an  eight  ribbed  smart  antenna  was 
performed.  Vibration  suppressioa  was  difficult  for  this 
situcQiie  since  it  contained  closely  spaced  and  repeated  natural 
frequencies.  Open  loop  ctansfer  ftmcoons  show  that  six  lightly 
damped  soucsnai  modes  lie  in  the  frequency  range  9  to  18  Hz. 
Further  tests  revealed  that  the  Srst  mode  at  9.7  Hz  was 
acmally  a  repeated  natural  frequency  that  was  only  visible 
when  exciting  rib  2  and  sensing  at  rib  1. 

Two  separate  coninl  strategies  were  sturfied.  Positive  Position 
Feedback  and  Active  Vibration  Absorbers.  TTie  general 


framework  for  these  second  order  cootroUen  was  deveioiv 
a^  the  suRilarides  and  difEeteaces  ci  the  two  tuethods^^ 
di soused.  Theoredcai  ^tliiy  bounds  were  also  dsned,  ini 
PPF  control  being  conditionally  sable  and  AVA  conout  ber 
unconditionally  stable.  An  imponant  difference  between 
two  types  of  control  was  that  a  PPF  61ter  rolls  off  u  highf 
frequencies  while  the  AVA  controller  maintains  a  const^ 

gain.  The  toll  off  chataceiistic  of  PPF  is  an  advantage  ancs 

makes  it  less  sensitive  to  unmodelled  dynamics,  in  re.- 
systems,  the  stabiiicy  of  the  AVA  control  is  determined  by  ■- 
high  frequency  response  of  the  smiciure.  which  is  oftn  zt 
known  with  any  accuracy. 

Both  types  of  control  were  successfully  implemenied  on  -j- 
smart  antenna.  The  performance  of  PPF  and  ava  -ver 
compared  on  a  SISO  deaga  usug  one  active  nb.  Each  desit 
consisted  of  only  one  second-order  controller  since  numerc 
sunuianons  indicated  that  there  was  no  significant  advantage 
using  muiuple  frlters.  Both  types  of  control  were  able 
increase  the  damping  in  the  target  modes.  PPF  concr 
produced  better  results  since  it  was  not  limited  by  unmodeiic 
dynamics.  Unfortunately,  the  SISO  controller  did  ?. 
adequately  address  the  problem  of  repeated  natur 
frequencies.  A  MIMO  controller  was  implemented  using  ?i 
control  on  ribs  1  and  2.  Not  only  did  not  the  MIMO  contrcr. 
improve  the  ovemll  perfoimance.  it  was  able  to  add  damping 
a  repeated  mode  at  9.7  Hz. 
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ABSTRACT 

A  procedure  based  on  convex  optimization  is  used  to  design  collocated  control  laws  for  a  small-scale 
model  of  a  flexible  antenna.  The  objective  of  the  active  control  is  to  minimize  the  response  of  a  single  rib 
to  a  disturbance  occurring  at  a  remote  location  on  the  structure.  Two  separate  designs  are  examined.  The 
first  is  standard  Linear  Quadratic  Gaussian  (LQG)  control,  whereby  the  H2  norm  of  the  transfer  matrix  is 
minimized  via  the  solution  of  two  Riccati  equations.  Unfortunately,  this  type  of  design  does  not  exploit 
the  favorable  attributes  of  sensor/  actuator  collocation,  resulting  in  control  laws  that  are  not  robust  to 
model  uncertainty  and  structural  variations.  An  optimization  approach  to  H2  optimal  design  is  presented 
that  bounds  the  phase  of  the  control  law,  thereby  increasing  its  robusmess.  The  optimization  is  shown  to 
be  convex,  providing  important  guarantees  on  solution  accuracy  and  convergence.  Control  laws  designed 
with  both  procedures  are  experimentally  implemented  on  the  antenna  testbed.  The  results  illustrate  the 
advantages  of  designing  H2  optimal  controllers  that  are  bounded  in  phase. 

INTRODUCTION 

Active  control  of  strucmres  such  as  flexible  ribbed  antennae  is  complicated  by  the  high  modal  density  that 
results  from  mode  localization.  Mode  localization  is  a  function  of  the  coupling  between  the  individual 
ribs  of  the  antenna  and  is  very  sensitive  to  structural  imperfections  and  variations  [Levine-West  and 
Salama  (1993)].  This  phenomenon  creates  clusters  of  closely  spaced  and  repeated  modes,  making  the 
design  of  active  control  systems  a  more  complicated  process  [Garcia,  Dosch,  and  Inman  (1992);  Dosch, 
Leo,  and  Inman  (1992)].  Since  the  mode  shapes  and  natural  frequencies  of  the  antenna  are  sensitive  to 
small  structural  changes,  control  law  robustness  is  a  priority.  Increasing  the  robustness  of  the  control  law 
motivates  the  use  of  sensors  and  actuators  that  are  collocated  with  one  another,  thereby  assuring  that  all 
modes  are  in  phase  between  the  control  input  and  the  sensor  output.  This  attribute  of  collocated  control  is 
exploited  by  designing  Single-Input-Single-Output  (SISO)  control  laws  that  are  bounded  in  phase. 
Bounding  the  phase  of  the  control  law  insures  robustness  to  certain  structural  uncertainties  such  as 
inaccurate  characterization  of  the  structmal  damping. 

Unfortunately,  many  optimal  control  techniques  do  not  take  advantage  of  the  phase  properties  that  exist 
when  sensors  and  actuators  are  collocated  with  one  another.  One  common  design  method  is  Linear 
Quadratic  Gaussian  (LQG)  control,  which  minimizes  the  H2  norm  of  the  outputs  due  to  white  noise 
disturbances  [Maciejowski  (1989)].  The  performance  objective  speciHed  by  LtJG  control  is  relevant  to 
many  control  problems,  since  minimizing  the  H2  norm  is  equivalent  to  minimizing  the  Root  Mean  Square 
response  to  a  white  noise  disturbance  in  all  inputs  [Boyd  and  Barratt  (1991)].  In  general,  though,  LQG 
control  can  exhibit  arbitrarily  poor  stability  margins  [Doyle  (1978)].  Even  for  the  case  of  collocated 
sensors  and  actuators,  LQG  synthesis  can  produce  controllers  that  are  sensitive  to  variations  in  the  natural 
frequencies  and  damping  ratios  of  the  structure  [Friedman  and  Bernstein  (1993)]. 

The  approach  taken  in  this  paper  is  to  fiame  the  L(^  problem  as  a  constrained  convex  optimization.  The 
constraint  on  the  optimization  forces  the  phase  of  the  SISO  control  law  to  lie  within  certain  regions  of  the 
complex  plane,  essentially  bounding  the  phase  of  the  compensator's  transfer  function.  When  used  in 
conjunction  with  collocated  sensors  and  actuators,  the  control  law  exhibits  increased  stability  robustness. 


The  constraint  is  applied  to  a  convex  optimization  that  minimizes  the  H2  norm  of  the  closed*loop  transfer 
matrix.  The  optimal  feedback  control  law  is  obtained  via  the  solution  of  a  finite  dimensional  opdmization. 
Since  the  cost  function  and  constraints  of  the  optimization  are  convex,  the  global  minimum  can  be  found 
to  any  desired  degree  of  accuracy  if  a  feasible  solution  exists.  Techniques  for  solving  such  optimal  control 
problems  are  outUned  in  a  recent  monograph  by  Boyd  and  Barratt  (1991). 

CONSTRAINED  LINEAR  QUADRATIC  GAUSSIAN  SYNTHESIS 

PROBLEM  DESCRIPTION 

Consider  the  block  diagram  of  a  dynamic  system  illustrated  by  Figure  1.  The  system  is  assumed  to  be 
linear  and  time  invariant,  with  a  set  of  exogenous  inputs,  w(r),  and  a  set  of  control  inputs,  u(r).  The 
regulated  outputs  are  denoted  c(r)  and  the  sensor  outputs  are  denoted  y(r).  All  inputs  and  ouq)uts  are 
multivariable,  with  dimensions  n„,  n„,  n.,  and  tiy,  respectively. 


Figure  1:  Block  diagram  of  a  multivariable  system,  illustrating  the  feedback  connection. 

The  open  loop  system  is  described  in  the  Laplace  domain  by  a  set  of  four  transfer  matrices,  P^^is), 

Pyw(s),  and  Pyu‘(.s),  where  s  is  the  Laplace  variable.  The  subscripts  denote  the  input/  ouq>ut  pair  of  the 
transfer  matrix.  The  set  of  equations  for  the  open  loop  dynamics  are 

r(s)»P,^(s)lV(5)  +  P^(r)C/(s)-  ^  ^ 

Z(s),  Yis),  W{s),  and  U(s)  are  the  Laplace  transforms  of  z(r),  y(r),  w(r),  and  «(r),  respectively.  By 
substituting  the  feedback  connection 

(/(s)  =  ii:(j)T(s)  (2) 

into  equation  (1),  the  expression  for  the  closed-loop  transfer  matrix  between  z(r)  and  w(r)  is  found  to  be 

Z^[P„+P^K(l-Py,Ky'Py„y.  (3). 

The  Laplace  notation  has  been  dropped  for  convenience.  The  expression  in  brackets  is  denoted  H,  and 
represents  an  x  complex  maUix.  The  standard  LQG  problem  is  to  minimize  the  H2  norm  of  the 
closed  loop  transfer  matrix  by  searching  over  all  K  that  stabilize  H.  This  problem  can  be  solved  by  the 
solution  of  a  Kalman  filter  problem  and  a  linear  quadratic  regulator  [Maciejowski  (1989)].  Our  objective 
is  to  constrain  the  controller  to  have  a  phase  bounded  by  -180’  and  0*  while  simultaneously  minimizing  the 
H2  norm  of  certain  closed  loop  transfer  matrices. 

To  understand  the  motivation  for  constraining  the  phase  of  K,  examine  the  second  order  equations  of 
motion  for  a  flexible  structure.  Under  the  assumption  of  modal  damping,  the  equations  of  motion  can 
always  be  decoupled  into 

/if(r)+Ar(r)+ Ar(r)  =  «&u(r).  (4) 

where  r(r)  is  the  vector  of  modal  coordinates,  /  is  an  appropriately  sized  identity  matrix,  and  ^  is  a  vector 
of  modal  participation  factors.  The  matrix  A  is  a  diagonal  with  entries  where  is  the  modal 


damping  ratio  and  o),  is  the  natural  frequency.  The  matrix  A  is  also  diagonal,  with  entries  oaf .  All 
modal  Hamping  ntios  and  natural  frequencies  are  assumed  to  be  greater  than  zero,  therefore  no  rigid  body 
or  marginally  stable  modes  exist.  In  this  paper,  we  assume  that  only  a  single  actuator  and  senstH-  are 
available  frv  feedback  control,  i.e.  s  n.  «  1.  If  collocated  displacement  sensors  are  used  for  feedback 
control,  the  output  equation  is 

y(r)  (5) 

By  combining  equations  (4)  and  (5),  the  transfer  feiKtion  Pyji^)  is 


Y- 


+  +  <0- 


(6) 


where  is  the  number  of  modal  coordinates,  r(r),  and  ^.  is  the  entry  of  Equation  (6)  can  be 
separated  into  real  and  imaginary  parts  by  substituting  s  -  joa  into  the  expression  for  Pyu(s).  This  results  in 


PyuUo>)  =  ^4>f 

i>l 


(0}f  -Q)^f  +{2^i(OiOif 


(7) 


The  important  feature  of  equation  (7)  is  that  the  imaginary  part  of  Py^U^)  always  negative  for  positive 
CO.  This  bounds  the  phase  of  the  transfer  function  to  be  between  -180*  and  0*.  Assume  for  a  moment  that 
the  phase  of  the  controller  is  also  bounded  between  -180*  and  0*.  An  application  of  the  Nyquist  stability 
criterion  reveals  that  an  encirclement  of  the  {1,0}  point  in  the  complex  plane  (remember,  we  have 
assumed  positive  feedback)  is  only  possible  at  the  point  to  =  0.  At  zero  fr^uency,  the  gain  of 
Py^(J(0)K(j<o)  is 


/’y«(;0W0)=A:(;0)X4. 

1*1 


(8) 


Equation  (8)  must  be  less  than  one  for  stability,  and  the  inverse  of  its  value  represents  the  gain  margin  of 
the  system. 

A  CONVEX  OPTIMIZATION  APPROACH  TO  Hj  MINIMIZATION 

We  now  turn  to  the  problem  of  forming  the  H2  control  problem  as  a  convex  optimization.  As  mentioned 
before,  the  standard  LQG  solution  is  found  by  solving  two  Riccati  equations.  In  order  to  constrain  the 
phase  of  K,  we  will  need  to  find  convex  functionals  that  represent  the  H2  norm  of  the  closed  loop  transfer 
matrix.  To  do  so,  we  first  examine  the  expression  for  H.  Referring  to  equation  (3), 

H  =  PZ0+  P«,K(I  -  Py,K)''  Py^.  (9) 

After  introd>:ciog  the  expression 

Q^K(l-Py,K)''  (10) 

into  equation  (9),  the  closed  loop  transfer  matrix  is  written  as 

H^P^  +  Pa,QP,..  (11) 

Since  the  system  is  open  loop  stable,  placing  any  stable  matrix  Q  into  equation  (1 1)  will  result  in  a  stable 
closed-loop.  This  is  the  0  (or  Youla)  parameterization  of  all  stabilizing  controllers  [Maciejowski  (1989)]. 
Introducing  equation  (10)  into  the  exfffession  for  H  transforms  the  H2  minimization  problem  into  one  of 


findiog  a  stable  Q  that  nunimizes  the  2-nortn  of  the  closed-loop  tnuufer  matrix.  As  staled,  this  is  an 
infinite  dimensional  optimization  problem,  since  theoretically  we  must  search  over  every  stable  Q  to  find 
the  minimizer.  To  transform  this  into  a  finite  dimensional  optimization,  the  ^iproximatioo 


(12) 

i«l 

is  substituted  into  equation  (11).  Once  this  is  done,  the  expression  for  the  2-norm  of  the  transfer  matrix 
can  be  written  as  [see  pg.  271  of  Boyd  and  Banatt  (1991)] 

|//|j  *(x^Ax  +  b^x  +  c)2,  (13) 

where  A  is  a  symmetric  positive  definite  matrix,  c  is  a  real  scalar  constant  greater  than  or  equal  to  zero, 
and  X  s  {X|.X2. .... .  x^qV.  Equation  (13)  is  quadratic  in  the  design  vector  x.  therefore  it  is  convex.  By 

introducing  the  series  approximation  to  Q  into  the  (^ximization.  we  have  transformed  the  problem  from  a 
search  over  an  infinite  number  of  stable  transfer  matrices  to  one  over  a  finite  number  of  re^  variables.  A 
more  detailed  treatment  of  this  section  is  found  in  Boyd  and  Bairatt  (1991). 


BOUNDING  THE  PHASE  OF  K(j<0):  A  CONVEX  CONSTRAINT 

The  previous  section  established  that  the  H2  norm  of  the  closed-loop  transfer  matrix  is  expressed  as  a 
quadratic  function  of  a  finite  number  of  real  variables.  This  section  will  use  the  same  parameterization  of 
all  stabilizing  controllers  to  define  another  convex  function  that  bounds  the  phase  of  the  controller.  K. 
Solving  equation  (10)  for  K  yields 


K  = 


Q 

l  +  QPyu‘ 


(14) 


The  matrix  notation  has  been  dropped  to  emphasize  that  this  analysis  is  only  valid  for  control  systems  with 
one  sensor  and  actuator  (/l,  a  n,  s  1).  Let  us  introduce  the  following  notation  for  the  teal  and  imaginary 
parts  of  Q  and  Py^, 


C(yai)  =  Ra(a>)+;/g(<») 

Py,{jQj)  =  Rf{a))*jIp{o)y 

Separating  equation  (14)  into  real  and  imaginary  parts  yields 


(15) 


{1  + RqRp  —  IqIp)  +^IqRp-¥RqIp^ 


(16) 


where  the  (o  notation  has  been  dropped.  Introducing  equation  (12)  into  equation  (16).  the  real  and 
imaginary  parts  of  Q  m  written  in  vector  notation  as 


i-l 

"r 

Rq  “  *  R^X 


(17) 
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Upon  exnmininf  equation  (16),  it  is  clear  that  since  the  denominator  is  siiiq>Iy  a  sum  of  squared  terms,  the 
sign  of  the  real  and  imaginary  parts  of  K  is  determined  by  the  nunwrator.  Substituting  the  previous 
expression  into  the  numerator  of  equation  (16)  i»oduces  a  quadratic  expression  in  x. 

RLz  +  RfX^Ex  +  ^(iftX  -  /^x^Ez) 

r  T  ■  (**> 

E  »  RgjRgj  +  Igflgt  S  0 

Equation  (18)  reveals  that  bounding  the  sign  of  the  real  and  imaginary  parts  of  the  controller  is  expressed 
as  a  quadratic  constraint  of  the  design  variables  x.  For  collocated  displacement  feedback,  we  want  to 
bound  the  phase  of  JC  to  lie  between  0*  and  -180*  for  all  positive  a>,  which  is  equivalent  to 

I^z  - /^^Ex  ^  0  for  all  0)  >  0.  (19) 

EXPERIMENTAL  TESTBED 
FLEXmLE  ANTENNA  MODEL 

The  convex  optimization  procedure  is  used  to  design  active  control  laws  for  a  small-scale  model  of  a 
flexible  ribbed  antenna.  The  antenna  is  modeled  after  a  similar  structure  that  existed  on  the  Phase  0 
Evolutionary  Model  housed  at  NASA  Langley  Research  Center  [Belvin,  et  ed  (1990)]. 


39.4  inches 


2.52  inches 


Figure  2:  A  schematic  afdie  flexible  antenna  model  illustrating  the  rib  numbering  scheme  and  the  placement 
of  the  actuators  and  sensors. 

The  antenna  model  consists  of  eight  beam-like  ribs  that  are  attached  to  a  plastic  hub  [Figure  2].  The  outer 
edges  of  the  ribs  are  connected  by  metal  wire  which  has  been  tensioned  to  give  the  antenna  a  parabolic 
shape.  Hve  of  the  eight  ribs  have  piezoceramic  matmial  [Piezoelectric  Products  material  G1195]  bonded 
near  the  clanqied  ends.  Each  ceramic  is  divided  into  two  electrically  isolated  areas,  the  larger  area  is 
used  an  actuator  and  the  smaller  area  is  used  as  a  collocated  sensor.  The  sensor  signal  from  each 
piezoceramic  is  conditioned  by  passing  it  through  an  analog  low  pass  filter  with  an  iiqnit  impedance  of  10 
Mfi  and  a  coiner  frequency  of  10,000  Hz.  Due  to  the  high  input  impedance,  d»  ouqwt  signal  of  the  Elter 
is  a  voltage  propoctioiial  to  the  strain  in  the  piezoceramic  at  frequencies  greater  than  approximately  3  Hz. 
Strain  is  analogous  to  displacement  in  terms  of  its  frequency  response  properties.  The  voltage  into 
actuator  ceramics  is  anqiUfied  by  a  Hewlett-Packard  amplifier  with  a  range  of  ±  SO  volts. 


The  rest  of  the  lest  equipment  is  as  follows.  Data  acquisition  is  performed  using  a  Tektronix  2630  Fourier 
Analyzo'.  A  Kistler  accelerometer  is  placed  on  rib  2  to  measure  vibrations.  The  digital  control  hardware 
consists  of  dSpace  digital  signal  processing  chips.  The  optimization  routines  used  in  the  control  design  is 
written  in  Pro-Matlab  on  a  Sun  workstation. 

CONTROLLER  DESIGN 

CONTROL  OBJECTIVES 

The  objective  of  the  active  control  is  to  reduce  the  vibrations  of  rib  2  to  a  disturbance  occurring  at  a 
remote  location  on  the  antenna.  The  disturbance  is  provided  by  exciting  the  antenna  with  the  actuator 
located  on  rib  1.  Vibrations  of  rib  2  are  measured  with  an  accelerometer  located  at  tqtproximately  h*lf  the 
length  of  the  rib.  The  control  system  consists  of  the  piezoceramic  sensor/  actuator  pair  on  rib  2. 

MODELING  THE  FLEXIBLE  ANTENNA 

The  first  step  in  the  control  design  is  to  obtain  a  model  for  the  flexible  antenna.  In  this  paper,  a  modal 
approach  is  used,  whereby  the  Multi-Input-Multi-Output  (MIMO)  is  synthesized  from  a  set  of  SISO  transfer 
functions.  The  procedure  is  described  in  detail  in  Dosch,  Leo,  and  Inman  (1993).  A  brief  overview  is 
presented  here. 

First,  SISO  transfer  functions  are  experimentally  determined  over  the  frequency  range  S  Hz  to  25  Hz.  This 
frequency  band  is  chosen  because  it  contains  the  first  eight  flexible  modes  of  the  structure.  This  group  of 
modes  represents  the  motion  of  the  antenna  caused  by  each  beam  vibrating  in  its  first  mode.  A  second 
cluster  of  modes  exists  between  35  Hz  and  45  Hz,  but  these  are  ignored  in  the  modeling  analysis  and 
control  design.  For  this  paper,  three  SISO  transfer  functions  are  needed  to  produce  a  model  for  contnd 
design:  input  PZT  rib  2/  ouqnit  PZT  rib  2.  input  PZT  rib  2/  output  PZT  rib  1,  and  input  PZT  rib  2/  output 
accelerometer  rib  2.  These  three  transfer  functions  are  modeled  separately  by  curve  fitting  the  individual 
transfer  functions.  This  assures  that  the  SISO  models  are  accurate  over  the  desired  fr^uency  range.  Next, 
the  individual  transfer  functions  are  separated  into  poles  and  residues  and  combined  into  a  MIMO  model. 
The  final  model  is  of  the  form 

fif+ Ar  + Ara<b„|W,  +<!»„« 

2j=<I»f^r+(0.085)«  .  (20) 

y  » r + (5  X 10“’ 

where 

O, -(lai  2.5  3.8  2.8  4.2  6.4  6.4  7.9f 
=(-11.1  1.0  -2.6  13.6  0.2  1.1  -2.8  2.6f 
«jj*[-L2  -0.4  -1.4  -0.8  -0.6  -1.7  -L4  -1.7fxl0“^  .  (21) 

A  =  diqg[0.34  0.32  0.45  0.28  0.14  0.40  0.37  0.24] 

A*dwg[L25  0.62  0.55  0.50  a  48  0.44  0.37  0.33]xl0* 

The  direct  transmission  terms  in  equation  (20)  are  necessary  since  certain  transfer  functions  have  the 
same  number  of  poles  and  zeros  in  the  fr^uency  range  5-25  Hz.  The  assumption  of  prt^tortional 
damping  does  introduce  some  error  into  the  model,  but  greatly  simplifies  the  modeling  procedure.  A 
model  for  the  displacement  of  rib  2  is  obtained  by  dividing  the  experimentally  obtained  transfer  function 
by  and  placing  it  into  the  modal  model  shown  above. 

Equations  (20)  and  (21)  represent  the  model  of  the  nominal  structure.  The  control  laws  derived  in  tiw  next 
section  are  alM  tes^  on  a  perturbed  model  of  the  antenna.  The  perturbed  configuration  is  obtained  by 
placing  15  gram  masses  on  ribs  2,  4,  6,  and  8.  This  has  the  effect  of  lowering  the  natural  frequencies. 
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Qumging  the  modal  panuneters  and  testing  the  control  laws  is  a  measure  of  the  robustness  of  the  design. 
A  discussion  of  control  law  robustness  is  provided  in  the  section  on  experimental  results. 

LINEAR  QUADRATIC  GAUSSIAN  SYNTHESIS 

A  fint  set  of  control  laws  is  designed  using  LQG  synthesis.  Using  a  previously  published  procedure,  a 
trade>off  curve  for  the  control  law  is  obtained  [Boyd  and  Barratt  (1991)].  The  trade-off  curve  represents  a 
comparison  between  the  performance  achieved  versus  control  effort  required.  To  find  the  trade-off  curve, 
the  control  problem  is  placed  into  standard  plant  form,  as  illustrated  by  Figure  3. 


actuator 

output 


Figure  3:  Standard  plant  for  the  LQG  control  design. 


The  weight  is  included  in  the  open  loop  to  eliminate  the  direct  transmission  term  and  make  the  plant 
strictly  proper.  This  is  done  to  eliminate  numerical  error  that  occurs  during  the  solution  of  the  optimal 
control  problem.  The  weight  is  chosen  to  be 


, _ (1000  *  2  _ 

+(2  *  0.10*1000  *  2*jr)j+(1000  »2*w)^ ' 


(22) 


The  inclusion  of  Wjp  into  the  model  does  not  affect  the  response  in  the  frequency  range  5  -  25  Hz.  With 
the  addition  of  the  weights  into  the  open  loop,  the  model  used  for  the  control  design  is  augmented  to 
20  states. 

The  trade-off  curve  represents  a  comparison  of  two  functionals  of  the  closed-loop  transfer  matrix.  The 
performance  measure  is 

and  the  measure  of  control  effort  is 
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Hjj  denotes  the  closed  loop  trtnsfer  fiinctioa  between  z,  and  wj.  The  tradeH>ff  curve  is  obtained  by  solvii^ 
the  optimal  feedback  control  problem 


t 

■T*  /•  Aj  *  1 "  Aj 


(25) 


for  A|  e  (0,1).  For  each  value  of  A| ,  an  LC^G  problem  is  solved  via  the  two  Riccati  solution  to  obtain 
values  of  d^and  By  varying  A|  between  0  and  1.  the  whole  design  space  is  searched.  The 
resulting  trade-off  curve  is  stewn  in  Figure  4.  The  p^ormance  measures  are  normalized  versus  the  open 
lo<^  value  of  ^ptif.ai  *  298.94  pm. 


F^un4:  Trade-off  curve  for  Unear  Quadratic  Ccuusian  controL 

Figure  4  yields  information  regarding  the  achievable  performance  with  control.  The  trade-off  curve  is 
the  boundary  between  feasible  and  infeasible  solutions.  All  points  'above'  the  curve  are  achievable  by 
some  controller  K,  and  none  of  the  points  Irelow'  the  curve  are  achievable  by  any  linear  control  law.  For 
example,  one  cannot  produce  an  80%  reduction  in  d^(as  compared  to  the  open  loop)  without  increasing 
to  ^  lovt  4.S.  These  guarantees  on  the  (q>timal  solution  result  from  the  fact  that  equation  (25)  is  a 
convex  optimization  with  respect  to  A| . 

Three  L(2G  optimal  controllera  are  chosen  from  the  trade-off  curve  for  implementation  on  the  flexible 
antenna.  Each  rqttesents  an  increasing  level  of  performance  and  control  effort.  The  first,  Kt,,  is  designed 
for  low  performance  and  low  control  effort.  The  second,  K^p,  is  a  controller  that  decreases  the 
performanc  f  objective  but  uses  mote  control  effort.  The  final  compensator,  exhibits  the  best  expected 
p^ormance  without  unduly  increasing  the  control  effort  The  increase  in  performance  obtained  by 
implementing  controllers  wfocfa  use  mote  control  effort  is  not  worthwhile,  as  indicated  by  the  trade-off 
curve  for  the  LX2G  design.  Table  1  lists  the  values  of  $p„f  and  for  each  of  these  control  laws. 


Table  1:  Normedized  performance  measures,  control  effort,  and  size  of  the  six  t^imal  controllers. 
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CONSTRAINED  Hj  MINIMIZATION 


The  constrained  optimization  approach  to  optimal  design  is  also  used  to  obtain  control  laws  for  the 
flexible  antenna.  To  begin  the  procedure,  we  must  first  choose  a  set  of  Q  functions  for  the  approximation 
described  by  equation  (12).  For  comparison,  four  sets  of  functions  are  chosen.  This  allows  us  to  study  the 
convergence  properties  of  the  optimal  solution.  The  four  sets  of  parameterizations  are 

.«3.- 
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(27) 


Choosing  the  first  Q  function  to  correspond  to  one  of  the  LQG  optimal  controllers  improves  the 
convergence  properties  of  the  solution.  By  choosing  the  functions  in  this  manner,  the  controller  that 
corresponds  to  the  point  x  s  [l  0  0  ...  0]  is  either  or  Ki,p,  depending  on  parameterization.  Increasing 
the  number  of  basis  functions  beyond  30  results  in  only  a  negligible  decrease  in  the  cost  function. 

Once  a  set  of  Q  functions  is  chosen,  tHe  following  optimization  is  performed  for  each  parameterization, 
«*»  ^p.,y(*)  =  (*^Ap,^x  +  b^/x  +  c^^)2 

max[lQ,(a>j)x  -  /^(a>,)x^E(©,-)x]  S  -.01. 


The  optimizations  are  solved  using  a  constrained  ellipsoid  algorithm.  The  termination  criterion  is  chosen 
to  be  1  X  10^,  which  indicates  the  calculated  solution  is  within  1  x  10^  of  the  actual  solution. 

The  constraint  on  the  phase,  equation  (18),  is  discretized  with  a  1000  frequency  points  between  m  =  10 
and  1000  rad/s.  In  this  sense,  equation  (18)  can  be  thought  of  as  a  family  of  constraints,  in  which  the 
maximum  must  be  less  than  or  equal  to  a  constant  Since  the  maximum  of  a  family  of  convex  constraints 
is  also  convex,  this  method  of  determining  the  phase  does  not  introduce  any  local  minima  into  the  design 
space.  Discretizing  the  constraint  in  this  manner  does  introduce  numerical  error  into  the  optimization.  For 
this  reason,  the  constraint  is  forced  to  be  less  than  -0.1,  as  opposed  to  zero.  If  this  is  not  done,  then  the 
resulting  optimal  controller  tends  to  violate  the  phase  constraint  at  points  not  included  in  the 
discretization.  Another  option  is  to  increase  the  number  of  firequency  points  (say  to  2(X)0),  but  this  slows 
down  the  optimization  considerably. 

Another  problem  occurs  for  an  optimization  with  such  a  large  number  of  Q  functions.  Theoretically,  A^^ 
and  Ae^  should  always  be  positive  definite  symmetric  matrices,  but  numerical  error  in  the  solution  of  the 
Lyapunov  equations  causes  them  to  have  very  small  negative  eigenvalues  (on  the  order  of  -1  x  10**^). 
These  errors  then  cause  problems  during  the  solution  of  equation  (28).  To  eliminate  this  im)blem,  a  small 
diagonal  matrix  is  added  to  A^,,^  and  Af^to  change  the  lowest  eigenvalue  to  a  quantity  just  greater  than 
zero  (on  the  order  of  1  x  lO''^).  The  optimization  is  then  solved  with  the  new  matrices. 

As  in  the  case  of  L(2G  synthesis,  three  controllers  with  varying  performance  levels  are  designed.  They  are 
designated  AT* ip,  K*^p,  and  K* i,p.  The  amount  of  performance  increase  is  controlled  by  varying  a  in 
equation  (28).  Increasing  a  allows  for  greater  control  effort,  which  in  turn  lets  the  optimization  reduce  the 
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performance  objective.  The  values  of  for  the  three  controllers  are  listed  in  Table  1.  They 

are  also  plotted  in  Figure  4  with  the  LQG  trade-off  curve.  As  expected,  the  controllers  designed  with  the 
phase  constraint  lie  'above'  the  trade-off  curve.  They  also  exhibit  worse  performance  than  an  LQG 
controller  that  uses  the  same  amount  of  control  effort.  'This  again  is  to  be  expected,  since  the  optimization 
that  bounds  the  phase  includes  constraints  that  are  not  present  in  standard  LQG  syntlwsis. 

Comparing  the  convergence  properties  of  the  different  Q  parameterizations  reveals  that  set  I  consistently 
produces  the  lowest  performance  functions  for  a  given  control  effort  constraint  (i.e.  a  given  a).  The  fact 
that  the  optimization  results  are  a  function  of  the  parameterization  is  not  surprising,  but  the  variation  in 
results  is  unexpected.  Sets  I  and  3  outperform  sets  2  and  4  in  all  of  the  studies,  with  set  1  producing 
slightly  lower  cost  functions  at  the  optimum.  Also  unexpected  is  the  fact  that  setting  a  >  2.6  pr^uced  no 
change  in  the  optimal  solution.  One  would  think  that  the  optimal  solution  would  lie  on  the  control  effort 
constraint,  but  this  does  not  occur.  The  reason  for  this  could  be  convergence  difficulties  in  the 
optimization  procedure. 

After  solving  the  constrained  optimization,  the  corresponding  optimal  controller  is  obtained  from  the 
expression 
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where  x,*  are  the  elements  of  the  solution  to  equation  (28).  On  the  average,  these  control  laws  contain  70 
to  7S  states.  Balanced  reduction  [Glover  (1984)]  is  attempted,  but  does  not  yield  significant  order 
reductions  without  considerably  distorting  the  frequency  response  of  the  controller.  A  more  straightforward 
pole-zero  cancellation  produces  better  results.  The  i*  pole  is  canceled  with  the  zero  if 

\p-z\ 

- ii<  0.01  (30) 
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Setting  the  tolerance  much  higher  than  0.01  changes  the  frequency  response  of  the  optimal  controller 
considerably  by  canceling  out  pole  zero  combinations  that  are  not  too  'close'  to  one  another.  After 
canceling  out  pole  and  zeros  that  satisfy  equation  (30),  the  controllers  are  reduced  to  between  10  and  IS 
states  [Table  1]. 

EXPERIMENTAL  RESULTS 


All  of  the  control  laws  are  implemented  on  the  flexible  antenna  model  to  test  their  performance  and 
robustness.  Each  is  implemented  in  real-time  on  the  dSpace  digital  control  hardware  sampling  at  20(X)  Hz. 
This  sampling  rate  is  deemed  fast  enough  so  that  no  digital  effects  are  accounted  for  in  the  controller 
design. 

Closed-loop  transfer  functions  are  obtained  by  inputting  white  noise  into  the  actuator  on  rib  1  and 
measuring  the  output  of  the  accelerometer  located  at  the  mid  span  of  rib  2.  Closed-loop  performance  is 
measured  in  terms  of  the  integral 
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where  Hnijco)  is  the  experimentally  determined  transfer  function.  Equation  (31)  is  similar  to  an  H2  norm, 
and  it  is  a  convenient  measure  of  the  size  of  the  transfer  function  over  the  frequency  range  S  -  25  Hz.  For 
an  unstable  system,  rr  is  set  to  »•. 


ACTIVE  CONTROL  OF  THE  NOMINAL  AND  PERTURBED  STRUCTURES 


All  six  control  laws  are  implemented  on  the  antenna  model.  Table  2  summarizes  the  closed-loop  results 
in  terms  of  the  performance  measure,  equation  (31).  For  the  nominal  structure,  each  of  the  control  laws 
designed  with  tte  constrained  optimization  are  stable  in  the  closed  loop.  For  the  control  laws  designed 
with  standard  LQG  synthesis,  only  the  low  and  medium  performance  controllers  remain  stable.  The  high 
performance  controller  causes  an  instability  at  approximately  1 1  Hz. 

The  robustness  of  the  phase  constrained  controllers  is  even  more  pronounced  when  comparing  performance 
on  the  perturbed  antenna.  For  this  case,  both  the  medium  and  high  performance  LQG  control  laws  are 
unstable  in  the  closed-loop.  The  frequency  of  the  instability  is  again  1 1  Hz.  All  of  the  controllers 
designed  with  constrained  optimization  remain  stable.  All  of  the  control  laws  suffer  a  decrease  in 
performance,  but  this  is  to  be  expected  since  the  designs  are  performed  with  the  nominal  model. 

Tabu  2:  Closed  loop  active  control  results  on  the  nominal  and  perturbed  structures. 
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DISCUSSION  OF  THE  EXPERIMENTAL  RESULTS 


The  experimental  results  illustrate  the  utility  of  the  phase  constrained  H2  optimization  procedure  outlined 
in  this  paper.  Constraining  the  optimization  produces  control  laws  that  are  less  sensitive  to  modeling 
errors  and  structural  variations.  The  instabilities  caused  by  the  high  performance  LQG  controller  indicate 
that  it  is  not  very  robust.  In  controlling  the  unperturbed  structure,  LQG  synthesis  and  constrained 
optimization  produce  similar  closed-loop  performance.  Due  to  the  accuracy  of  the  nominal  model  used  for 
control  design,  the  predicted  performance  and  the  experimental  results  agree  well.  When  implementing 
the  control  laws  on  the  mass-loaded  antenna,  the  reduction  in  the  natural  frequencies  causes  the  medium 
performance  LQG  design  to  induce  closed-loop  instability. 


Figure  5:  Magnitude  and  phase  plots  of  K*  ^\(i})PyJ[']0))  (solid),  and  K„^](0)Py„(jO))  (dashed). 


Examination  of  the  transfer  functions  K„p(j(0)Py„(ja))  an  K*„p(J(o)Py„(j<o)  illustrate  the  advantage  of 
constraining  the  phase  of  the  controller  [Figure  5].  For  the  medium  performance  LQG  design,  two  cross¬ 
overs  of  -360*  occur  within  the  frequency  range  S  to  25  Hz.  From  the  Nyquist  Stability  Criterion,  closed- 


loop  instability  will  result  if  the  magnitude  at  phase  cross-over  exceeds  one.  As  the  structure  is  perturbed, 
the  changes  in  the  modal  parameters  cause  the  magnitude  in  this  frequency  region  to  exceed  one, 
resulting  in  closed-loop  inst^ility.  The  instabilities  that  occur  in  experiments  are  at  a  frequency  near  1 1 
Hz,  precisely  the  region  where  the  phase  of  K^p{j(0)PyJU(0)  crosses  -360*.  In  contrast,  the  phase  of 
never  crosses  -360*  between  0  and  2S  Hz,  making  the  control  law  insensitive  to  changes 
in  the  magnitude  and  phase  response. 

CONCLUDING  REMARKS 

Experimental  implementation  of  H2  optimal  controllers  designed  via  constrained  convex  optimization 
illustrated  the  robustness  achieved  by  twunding  the  phase  of  the  compensator.  In  comparison  with 
standard  Linear  Quadratic  Gaussian  (LQG)  designs,  they  remained  suble  in  the  presence  of  structural 
variations  and  model  uncertainty.  The  loss  of  performance  that  resulted  from  constraining  the  optimization 
could  be  compared  to  a  trade-off  curve  that  represented  all  achievable  LQG  solutions.  In  this  way,  convex 
optimization  proved  to  be  effective  method  of  studying  the  trade-offs  associated  with  constraining  the 
phase  of  the  controller. 

Although  the  results  of  this  paper  are  encouraging,  many  questions  arose  regarding  the  convex 
optimization  approach  to  control  design.  For  example,  the  optimal  solutions  were  found  to  be  sensitive  to 
the  choice  of  fimctions  used  in  the  Q  parameterization.  Furthermore,  the  optimization  seemed  to  exhibit 
convergence  properties  when  the  constraint  on  the  control  effort  became  large.  Checking  the  phase 
constraint  at  discrete  points  (even  for  a  fine  grid)  introduced  errors  into  the  control  design.  Finally,  the 
pole-zero  cancellation  procedure  used  in  this  paper  was  a  rather  ad  hoc  method  of  order  reduction,  the 
reasons  why  more  advanced  methods  were  ineffective  needs  to  be  investigated.  Future  work  involves 
studying  these  topics  and  also  generalizing  the  phase  constraints  to  cono'oi  systems  with  more  than  one 
sens'^r  and  actuator. 
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LINEAR  CONTROLLER  DESIGN  FOR  STR^jCTURES 
WITH  UNCERTAIN  TRANSIENT  DISTURBANCES 
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Convex  optimization  techniques  are  developed  to 
design  feedback  control  laws  for  structures  with 
uncertain  transient  inputs.  The  uncertain 
disturbances  are  modeled  deterministically  as 
convex  sets  of  functions.  Three  types  of  models  are 
considered:  one  which  bounds  the  total  energy  of  the 
disturbance,  another  which  bounds  the  instantaneous 
energy,  and  a  third  that  limits  the  maximum  and 
minimum  values  of  the  input.  Expressions  for  the 
maximum  response  are  derived  for  each  model.  The 
optimal  feedback  control  law  is  found  via  the 
solution  of  an  infinite  dimensional  optimization, 
which  is  reduced  to  a  finite  dimensional  optimization 
b”  an  af^ne  parameterization  of  all  stabilizing 
controlle'-s.  The  parameterization  maintains 
convexity  and  converges  to  the  unique  solution  as 
the  nutnbe:  of  terms  in  the  approximation  is 
increased.  The  techniques  are  illustrated  on  a  simple 
model  of  an  unconstrained  flexible  structure. 

Introduction 

The  objective  of  many  structural  control  problems  is 
minimization  of  the  response  due  to  uncertain 
transient  inputs.  In  the  case  of  satellite  design, 
critical  scientific  instruments  must  be  isolated  from 
disturbances  caused  by  other  payloads  on  the 
structure;  an  automotive  application  might  involve 
minimization  of  cabin  noise  level  due  to  engine 
vibration;  finally,  reducing  peak  responses  of 
structures  is  imperative  in  the  earthquake 
engineering  community  due  to  safety  considerations 
and  legal  requirements.  For  all  of  these  examples, 
the  uncertain  nature  of  the  excitation  makes 
obtaining  an  explicit  model  for  the  inputs  impossible. 
Oftentimes  the  disturbances  can  be  bounded  over 
their  duration,  even  if  the  exact  nature  of  the  signal 
is  unknown. 

Several  modern  control  methods  have  been 
developed  to  deal  with  the  problem  of  uncertain 
disturbances.  H2  theory  (also  called  Linear 
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Quadratic  Gaussian  theory)  is  concerned  with 
optimal  control  when  white  noise  disturbances  are 
present  in  the  plant  and  feedback  signal' . 
Minimizing  the  H^  norm  is  equivalent  to  minimizing 
the  Root  Mean  Square  (RMS)  value  of  the  output. 
//.  control  minimizes  the  RMS  gain  of  a  system 
disturbed  by  signals  with  finite  energy^.  When  the 
disturbances  are  persistent,  it  is  more  appropriate  to 
minimize  the  L'  norm  of  the  impulse  response 
function.  This  problem  was  posed  by  Vidyasagar^ 
and  solved  for  continuous  time  control  systems  by 
Dahleh  and  Pearson^. 

When  the  disturbances  are  transient  with  known 
duration,  it  would  be  advantageous  to  include  that 
information  in  the  design  specifications. 
Unfortunately,  Hi,  and  L'  control  methods  are 
not  particularly  suited  to  deal  with  information 
concerning  the  duration  of  the  disturbance.  Because 
the  definition  of  the  1,  2,  and  »  norms  is  an  integral 
from  time  equals  zero  to  infinity,  these  measures  of 
the  output  might  be  overly  conservative  if  the 
disturbances  are  transient.  Also,  these  techniques 
are  usually  applied  with  frequency  design 
specifications,  which  do  not  always  correspond  to 
exact  time  domain  constraints. 

The  purpose  of  this  paper  is  to  develop  techniques  for 
optimal  disturbance  rejection  of  unknown  but 
bounded  transient  inputs.  The  following  two 
assumptions  are  made;  the  duration  of  the  inputs  is 
known,  and  the  disturbances  are  modeled 
deterministically,  as  sets  of  functionals.  Modeling 
uncertain  inputs  deterministically  is  the  subject  of 
the  first  part  of  the  paper.  The  approach  is  motivated 
by  recent  applications  of  convex  analysis  in  applied 
mechanics^,  and  results  relevant  to  control  design  are 
presented  here.  Obtaining  the  optimal  feedback 
controller  is  an  infinite  dimensional  optimization 
problem  over  all  feasible  transfer  matrices^.  The 
optimization  is  reduced  to  one  over  a  finite 
dimensional  subspace  through  the  introduction  of  an 
affine  parameterization  of  all  stabilizing  controllers. 
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The  techniques  are  illustrated  on  a  model  of  a  simple 
flexible  structure. 

Problem  Definition  And 
Controller  Parameterization 

The  system  under  consideration  is  assumed  to  be 
linear,  time  invariant,  and  described  by  the  following 
equations 

i(f)  =  Ax(f) + B^w(r) + B.u(r) 

z(r)  =  C,x(r)  +  D^a(0  ,  (1) 

y(r)  =  C,x(r)  +  D,^w(r) 


where  A  6  SI"”"  is  the  state  matrix,  w(r)e0t"'  are 
exogenous  disturbances,  u(r)  €  91''' are  control 
forces,  z(r)  €  are  regulated  outputs,  and 

y(r)  6  91''’  are  sensor  outputs.  The  block  diagram  for 
this  system  is  shown  in  Figure  1. 


w(r) 

u(r) 


Figure  1:  Block  diagram  for  multivariable  plant, 
illustrating  the  feedback  connection. 

In  the  Laplace  Domain,  the  system  is  described  by 
four  transfer  matrices,  P.w(j).  Pj,w(J).  and 

Pya(5),  where  s  is  the  Laplace  variable.  The 
subscripts  denote  the  input/output  pair  of  the  transfer 
matrix.  The  feedback  connection  is 

U(5)  =  K(r)Y(r),  (2) 

where  K(r)  is  /i„  x  /ly  transfer  matrix  of  a  linear  time 
invariant  controller.  Optimal  design  of  the  control 
law  is  accomplished  through  the  Q  (or  Youla) 
parameterization  of  all  stabilizing  controllers' .  First, 
the  system  is  augmented  by  estimated  state  feedback 
[Hgure  2],  The  gains  and  are  chosen  such 
that  A  •  B.K^  and  A  -  Lt^Cy  are  stable.  This  could 
be  done  using  Linear  Qua^tic  Gaussian  techniques, 
for  example.  The  estimated  state  feedback  is  then 
augmented  by  another  n.  x  ny  transfer  matrix,  Q(r). 
The  input  to  Qfr)  is  the  state  error,  e(r),  and  the 
output  is  injected  into  the  system  such  that 

a(r)  =  v(r)-K^x(r),  (2) 


where  v(r)  are  the  outputs  of  Q(r)  and  i(r)  are  the 
state  estimates. 


Figure  2:  Estimated  state  feedback  controller 
parameterization. 

The  augmented  plant  is  now  described  by  three 
transfer  matrices,  Pj*,,  P,,,,  and  P^y.  The  transfer 
matrix  Py,  is  identically  zero  because  the  error  sutes 
are  uncontrollable  from  t(/).  The  closed  loop 
transfer  matrix  of  the  augmented  plant  is 

H(5)  =  P^(r)  +  P^(5)Q(r)P.,(r).  (3) 

Stability  of  H(r)  is  guaranteed  if  Q(s)  is  a  stable 
transfer  matrix.  The  important  feature  of  equation 
(3)  is  that  it  is  affine  in  tte  free  parameter  Q(r) . 

Disfarbancc  Models 

The  uncertain  excitations  are  modeled 
deterministically  as  either  a  finite  set  of  known 
inputs  or  an  ’"finite  set  of  bounded  but  uncertain 
disturbances,  ihe  first  disturbance  model  assumes 
that  the  uncertain  excitations  exist  within  a  finite  set 
of  known  inputs. 


. w„(t)).  (4) 

where  ni  is  the  number  of  inputs.  The  second 
disturbance  model  bounds  the  maximum  integral 
energy  of  the  exogenous  excitation. 

»V£»  =  {w(t):  f  w^{t)w{t)dt^pj)  (5) 

•to 
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It  is  assumed  that  the  disturbance  acts  over  a  known 
duration.  0  to  T.  The  scalar  bound  on  the  input 
energy  is  pj.  A  similar  disturbance  model  is 
obtained  by  bounding  the  instantaneous  energy  of  the 
input 

W^EB  =  {w(r) :  w^(r)w(r)<:p^(f)}  (6) 

The  bound  on  the  instantaneous  energy  is  pi(r).  A 
Hnal  disturbance  model  bounds  the  maximum  and 
minimum  values  of  the  input,  and  is  called  the 
temporal  envelope  bound  model. 

Wteb  =  {w(0  :  f^{t)  S  wj{t)  S  fajit) }  O) 

The  column  of  w(r)  is  denoted  Wj{t)  and  the  upper 
and  lower  bounds  on  wj(t)  are  fcjO)  and /(/y(r), 
respectively. 


Maximum  Responses  To 
Uncertain  Inputs 

Assuming  zero  initial  conditions,  the  regulated 
outputs  are  related  to  the  exogenous  disturbances 
through  the  convolution  integral, 

-T)w(T)dT.  (8) 

where  h(r)  is  the  inverse  Laplace  transform  of  H(r). 

Given  a  finite  set  of  input  disturbances,  Wfif,,  we 
denote  the  maximum  response  of  the  output  to  the 
disturbance  as 

z,- -  T)w,(T)dT,  (9) 

where  is  the  row  of  h  and  r^  is  the  time  at 
which  the  output  attains  its  maximum. 

For  the  remaining  models  of  uncertainty,  derivation 
of  the  maximum  response  is  more  involved.  First 
consider  the  case  of  an  Integral  Energy  Bound  (lEB) 
excitation  model  (equation  (S)).  The  maximum 
response  of  the  output  to  any  input  contained 
within  the  lEB  model  is  found  via  the  Cauchy- 
Schwarz  Inequality.  Referring  to  equation  (8), 


/  f 

J h^*^(r  -  r)w( T)dr  S  J h^*’(r  -  (r  -  T)dr 


The  maximum  output  occurs  when 

w(  t)  oe  (^  -  f)  =  (^  -  t)  •  (11) 

The  scalar  constraint  //  is  obtained  by  invoking  the 
energy  constraint,  equation  (9). 


yj  j  h^*^(r  -  T)h**^^(r  -  r)dT  -p].  (12) 

0 

Solving  for  ))  yields 


The  expression  for  the  maximizing  input  function  of 
the  A:**’  output,  w^*^(r),  for  the  lEB  model  is 


- e&zA — . 

J  (r  -  (f  -  x)dx 


(14) 


and  the  maximum  output  to  an  input  constrained  by 
equation  (9)  is 


{ 

j  h^‘^(r  -  (r  -  x)dx 


(15) 


Through  a  simple  substitution,  equation  (IS)  is 
rewritten 


(16) 


Next  consider  the  disturbance  model  that  bounds  the 
insuntaneous  energy  of  the  input,  equation  (6). 
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Following  a  derivation  similar  to  that  for  the  lEB 
model,  the  maximum  response  of  the  output  is 
obtained  by  using  the  Cauchy-Schwarz  Inequality  on 
the  integrand  of  equation  (8), 

h^*^(r - T)w(T)dT S r (r - x)dxY  x 

.(17) 

[w^(T)w(r)^fT]2 


The  superscripts  *  and  •  indicate  if  the  column  of 
is  positive  or  negative,  respectively. 

Convex  Optimization  Approach 
To  Controller  Design 

Design  of  the  optimal  feedback  control  law  is 
expressed  as  a  constrained  optimization  over  ail 
feasible  transfer  matrices  h(r). 


The  maximum  occurs  when 
w(T)  =  yth<*>"(r-r). 
where  yi  must  satisfy 


(18) 


min  d(li) 

(24) 

where  (p(h)  is  a  cost  function  to  be  minimized  and 
V^,(h).  i  =  1  to  M,  are  design  constraints. 


(f  -  (t-T)  =  pl(x).  (19) 

Combining  equations  (18)  and  (19)  yields  the 
maximizing  input  for  the  LEB  convex  model. 

<20, 

The  maximum  output  is 

‘  r  1- 

?[*’  (0  =  Jpt  ( (f  -  T)J  ^  dr .  (2 1 ) 

0 

The  Hnal  disturbance  model  to  be  examined  is  the 
Temporal  Envelope  Bound  (TEB)  model,  which  is 
expressed  by  equation  (7).  For  the  input,  the 
maximum  response  of  the  output  is  a  function  that 
switches  between  the  maximum  and  minimum 
values,  depending  on  the  sign  of  the  impulse 
response. 


^[=/L,(t)  ./  A^(r-r)<0- 


(22) 


The  j'^  column  of  h<**(f)  is  denoted  The 

maximum  response  to  uncertain  inputs  bounded  by 
equation  (22)  is 


«.  • 


>->  io 

+jhf-{t-z)fuit)dx\ 


(23) 


The  advantage  of  modeling  the  uncertain  excitations 
as  deterministic  functions  is  that  the  expressions  for 
the  maximum  response  are  all  convex  with  respect  to 
h(r).  If  the  cost  function  and  all  of  the  constraints  of 
equation  (24)  are  convex,  it  is  called  a  convex 
controller  design.  Convex  optimizations  are  by 
nature  easier  to  solve  than  general  nonlinear 
programming  problems.  If  any  solution  to  the 
optimization  exists  (i.e.,  the  constraints  are  not  too 
tight)  the  global  minimum  can  be  found  to  any 
desired  degree  of  accuracy.  This  eliminates  the 
choice  of  a  stopping  criterion  and  provides  imponant 
guarantees  on  the  accuracy  of  the  optimal  solution. 


As  stated  in  equation  (24).  the  controller  design 
problem  is  an  infinite  dimensional  optimization. 
This  results  from  the  fact  that  there  are  an  infinite 
number  of  transfer  matrices  that  must  be  searched  to 
obtain  the  optimum.  A  general  method  of  solving 
these  problems  is  to  perform  optimizations  over 
larger  and  larger  finite  dimensional  subsets.  For 
convex  controller  designs,  one  method  of  doing  this 
is  to  introduce  a  Ritz  approximation  of  the  closed 
loop  transfer  matrix.  One  such  Ritz  approximation  is 
motivated  by  the  Q  parameterization  of  all 
stabilizing  controllers  (equation  (3)). 


=  P^{s)  +  p„(5)  £ x,Q,(s)  P„(s) .  (25) 


.1=1 


The  functions  Q,(s)  are  arbitrarily  chosen  functions 
and  each  x,  is  a  real  scalar  number.  Parameterizing 
the  solution  with  a  Ritz  approximation  maintains  the 
convexity  of  the  cost  function  and  constraints. 

Substitution  of  equation  (25)  into  the  optimization 
reduces  it  to  a  search  over  a  Enite  number  of  real 
scalars.  A  critical  feature  of  approximating  the 
solution  via  equation  (25)  is  the  convergence 
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properties  of  the  optimum.  As  the  number  of  terms  in 
the  series  is  increased,  the  solution  of  the  finite 
dimensional  problem  approaches  the  optimal  value 
of  the  infinite  dimensional  problem^.  Often  times,  it 
is  possible  to  prove  that  at  -><».  the  two  solutions 
are  equivalent.  In  practice,  only  a  finite  number  of 
terms  is  required  to  get  arbitrarily  close  to  the 
optimal  value. 

Finite  Dimensional  Approximations 
To  The  Maximum  Response  Functions 

The  maximum  response  expressions  and  the  Ritz 
series  are  combined  to  create  finite  dimensional 
approximations.  Using  the  inverse  Laplace  transform 
on  the  Ritz  tqiproximation  yields 

h<*>(r)  =  p<*)(/)  +  ^x,p<*>(/).  (26) 

1=1 

where  Po(r)  is  the  inverse  transform  of  P;w(j)  and 
p„(r)  is  the  inverse  transform  of  P^(5)Q,(r)P^(r). 
For  convenience,  the  (AO  notation  has  been  dropped. 
The  following  analysis  is  simplified  by  placing 
equation  (26)  in  vector  notation, 

h<*>(r)  =  pl*>(/)  +  xV/>(r).  (27) 


where, 

= P/ T)pi*’^  T)dT 
Jo 

b<,‘’(0  =  P/rP‘x*’(T)p‘*>'(r)dT.  (31) 

Jo 

A<‘>(o=p,rpi‘V)p‘*>'(T)dT 

Jo 

In  a  similar  manner,  the  LEB  disturbance  model  can 
also  be  expressed  as  a  quadratic  expression  in  x, 

5l*’W  =  [4*’W  +  bi*^'(r)x  +  x''A<‘’(r)x]2 .  (32) 
where, 

4*’(0  =  ||pi.(  T)pi*’(»  -  (r  -  t)dx 
b</*>(0  =  J'p  J  -  r)pi*’'  {t  -  r)dt .  (33) 

A‘L^(r)  =  £pjT)Pi*’(t-  T)P</>'’(f-  T^T 

The  Ritz  approximation  is  also  introduced  into  the 
TEB  disturbance  model. 


The  design  variables  x,  have  been  placed  in  the 
vector  and  P,(f)€3l^’'"'  at  each  time  r. 

For  the  finite  set  disturbance  model,  W fis,  the 
maximum  output  to  the  disturbance  is 

=iiiar|4*’(f)  +  b^/’  (r)x|,  (28) 


>=i 


fvj{r)dx 


t)  +  xV4H^- 

(34) 


where, 

4*’w=  rp!,*’(^-TK(T)dT 

Jo 

b<;>(r)=rp‘*>(r-r)w,(r)dT 

Jo 


where  (  ),  denotes  the  y***  column  of  (  )  and  the 
superscripts  -t-  and  -  denote  when  the  bracketed 
expression  is  positive  or  negative,  respectively. 

(29)  Example:  Disturbance  Rejection 

In  A  Flexible  Structure 


Introducing  the  Ritz  approximation  into  equation 
(16)  reduces  it  to  a  quadratic  expression  in  x, 

y<*>(r)  =  [ci*>(r)  +  b<*)'  (f)x  +  x^A<‘\r)xp ,  (30) 


The  optimization  techniques  developed  in  this  paper 
are  applied  to  the  model  of  an  unconstrained  flexible 
structure.  The  model  for  the  structure  consists  of  two 
rigid  body  poles  and  a  low  frequency  flexible  mode. 
A  block  diagram  of  the  open  loop  system  is  shown  in 
Figure  3. 
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Figun  3:  Open  loop  block  diagram  of  an  unconstrained  structure  with  one  flexible  mode. 


The  control  design  is  accomplished  in  two  stages. 
First,  Linear  Quadratic  Gaussian  Synthesis  is  used  to 
obtain  an  optimal  estimated  state  feedback 
controller.  Next,  a  series  of  convex  optimizations  is 
performed  to  minimize  outputs  to  different  sets  of 
exogenous  inputs.  The  di^erent  sets  of  uncertain 
inputs  represent  varying  levels  of  previous  knowledge 
about  the  disturbance  seL  The  optimizations  are 
used  to  study  the  performance  trade-offs  that  exist  in 
the  design  of  the  optimal  control  laws. 

Linear  Quadratic  Gaussian  Synthesis 

An  optimal  state  estimate  feedback  controller  is 
designed  using  Linear  Quadratic  Gaussian  synthesis. 
Using  optimization  techniques  developed  by  Boyd 
and  Barr^,  a  curve  is  obtained  that  represents  the 
trade-off  between  performance  and  control  effort  for 
LQG  control  [Figure  4]. 


Figure  4:  Trade-off  curve  for  LQG  control  of  the 
flexible  structure  modeL 


Each  point  along  the  curve  is  the  solution  of  the 
convex  optimization 

I 

min 

^>2  “  1  “ 

where 

|//^-||^  is  the  2-norm  of  the  closed  loop  transfer 

function  between  Zj  and  wj.  For  each  value  of  A| 
between  0  and  1,  an  LQG  controller  is  obtained 
through  the  solution  of  two  Ricatti  equations* .  Points 
along  the  curve  are  LQG  solutions  for  different 
values  of  A| . 

The  trade-off  curve  for  LQG  synthesis  reveals 
information  about  the  achievable  performance  for 
Ilffll2  minimization.  The  region  'above'  the  trade-off 
curve  represents  values  of  and  ^ceff  ^ 
achievable  by  some  control  law  jt(s).  Points  'below' 
the  curve  cannot  by  achieved  by  any  linear  control 
law.  For  the  example  problem.  Figure  4  illustrates 
that  control  laws  that  make  greater  than  S  yield 
very  little  decrease  in  ^ptrf- 

Optimal  Disturbance  Rejection 

Once  an  LQG  controller  is  designed,  a  set  of  convex 
optimizations  is  performed  to  augment  the  estimated 
state  feedback.  Three  separate  optimizations  are 


(35) 


(36) 
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performed,  each  with  a  different  model  of  the 
excitation. 

If  we  introduce  the  following  switching  function, 

1 

w(f,,r2)a  -I  (37) 

0  t2<f 

then  the  first  two  excitation  models  are  defined  as. 


Excitation  Model  1: 

w,(r)  a  < 

fjw(l0,20)j 

i  0  j 

Excitation  Model  2: 

w,(r)  a  • 

[sw(10,20)l 

i  0  1 

W2(r)  a  1 

[rw(5.20)l 

[  0  J 

wjfr)  * 

|sw(15,20)l 
[  0  1 

(38) 


(39) 


The  third  model  for  the  excitation  is  a  TEB 
disturbance  model. 

Excitation  Model  3: 


-I5w,(f)^l  0SfS20 
*^2(0  =  0  0StS20 

Wi  (f )  =  0  20  <  f 

W2(t)  =  0  20  <r 


(40) 


The  three  excitation  models  represent  decreasing 
levels  of  knowledge  about  the  input.  For  the  first 
model,  the  input  is  known.  In  the  second  model,  the 
input  is  one  of  three  functions,  each  with  a  different 
switching  time.  The  third  model  contains  any  input 
bounded  by  ±1  over  0  to  20  seconds. 

The  performance  objective  and  constraints  are 
defin^  in  terms  of  2-norms  and  maximum  response 
functions.  Constraints  on  the  H2  n<»m  of  the  closed 
loop  transfer  matrix  are  chosen  based  on  the  tiade-off 
curve  for  LQG  synthesis.  The  norm  is  obtained  by 
letting  r  •>  OB  in  equation  (30)  and  setting  p/  a  1. 
Thus,  the  2-notm  is  a  quadratic  expression  in  x. 


The  performance  objectives  and  constraints  for  the 
three  optimizations  are 

Optimization  1: 


sx  1^”  <  3.0 

+|«h6)’  <2i 

<50 


Optimization  2: 

min  maxlzI^K  z^^\  Zj^^} 
sx  max{  zj'h  <3.0 

<2.2 

<50 

Optimization  3: 

min  2j?^(20) 
sx  Zr'’(20)  <  3.0 

<2.2 

(|«u6<-|«12^)=  <50 

The  optimization  is  allowed  to  trade-off  the  2-norm 
of  the  response  and  the  peak  value  of  the  control 
effort  for  a  decrease  in  the  peak  value  of  zi.  For  the 
L(^  controller  with  s  S.O,  the  value  of  ^ptrf 
al.Sl.  The  optimizations  allow  this  value  to 
increase  2.2,  and  it  also  lets  the  peak  value  of  the 
control  effort  increase  to  3.0. 

The  optimizations  are  performed  using  a  constrained 
ellipsoid  algorithm  written  in  MATLAB'^-  The  time 
responses  are  discretized  over  the  interval  0  to  SO 
seconds  with  2000  points.  The  Q  parameterization  is 
chosen  to  be 

Reasons  for  choosing  such  functions  are  discussed  in 
Polak  and  Sacludean*.  The  optimizations  are 
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initialized  at  the  LQG  solution,  x  a  0,  and  the 
termination  criterion  is  set  at  0.0 1.  This  guarantees 
that  the  solution  is  within  0.01  of  the  optimal  value. 

Discussion  Of  The  nnrimizarion  Results 

All  three  optimizations  are  performed  with  between  2 
and  20  Q  functions.  The  convergence  histories 
indicate  that  little  change  in  the  optimal  solution 
occurs  after  approximately  16  Q  functions  [Figure  S]. 

4. - 1 - - - - - - 


optimum  is  much  higher  since  the  assumed  model  for 
the  excitation  is  more  conservative. 

The  convex  optimizations  offer  insight  into  the 
design  trade-offs.  In  the  case  of  the  first  two 
disturbance  models,  the  constraint  on  the  peak  value 
of  the  control  effort  is  not  necessary.  Neither 
optimization  reaches  the  constraint  value  at  the 
solution.  Also,  control  laws  that  are  excellent  for 
one  disturbance  set  might  be  poor  for  another.  In  this 
example,  the  optimal  controller  for  the  TEB 
disturbance  model  actually  increases  the  peak 
response  to  the  excitations  contained  within  set  1 
and  set  2. 


o' 

2 

I 


3- 


21- 


\ 


0 


optimizjCLtion  3 


optimization  2 


optimization  I 

2  4  6  t  10  12  16  It  20 

Number  of  Q  functions 


JJr 


.  3h 

»s» 

I 


optimization  3 


optimization  2 
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optimization  I 
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Number  of  Q  functions 


For  all  three  optimizations,  the  constraints  on  the  H2 
norm  of  the  performance  and  control  effort  are 
limiting  factors  in  the  design.  All  of  the  optimal 
solutions  lie  on  the  2-norm  constraints  of  Zt  and  z^. 

Frequency  Domain  Characteristics  Of  The  Optimal 
Solutions 

It  is  instructive  to  examine  the  frequency  response 
characteristics  of  the  closed  loop  systems  obtained 
via  convex  optimization.  Many  modern  and 
classical  design  procedures  involve  shaping  the 
frequency  response  to  obtain  the  desired  results  in 
the  time  domain.  In  this  paper,  time  domain 
information  regarding  the  input  is  included  in  the 
optimization,  eliminating  the  need  to  shape  the 
ftequency  response. 

The  closed  loop  transfer  functions  for  the  optimal 
desig.is  are  compared  to  the  LQG  solution  in  Figure 
6.  Since  the  optimizations  are  minimizing  the  peak 
response  of  Zz  to  uncertain  inputs  at  w  i ,  the  only 
significant  change  occurs  in  Hu.  The  optimal 
solution  is  notching  the  frequency  response  to 
achieve  reductions  in  the  peak  value  of  the  output. 
The  remaining  closed  loop  transfer  functions  change 
very  little,  only  enough  to  satisfy  the  constraints. 


Figure  5:  Convergence  histories  for  the  three 
optimizations.  Top  plot  is  the  performance  objective, 
bottom  plot  is  the  constraint  on  the  peak  value  of^‘K 

Quantitative  results  of  the  three  optimizations  are 
listed  in  Table  1.  They  illustrate  that  the  achievable 
performance  is  strongly  coupled  to  the  size  the 
disturbance  model.  For  the  first  optimization,  the 
excitation  is  known,  resulting  in  a  control  law  that 
can  achieve  a  significant  reduction  in  the  peak  value 
ofz^^L  Increasing  the  size  of  the  disturbance  model 
to  three  functions  decreases  the  amount  of 
performance  reduction  the  optimization  achieves. 
For  the  final  disturbance  set,  the  peak  value  at  the 


It  is  probable  that  a  skilled  designer  would  be  able  to 
shape  the  frequency  response  to  satisfy  the 
constraints.  One  advantage  of  the  convex 
optimization  approach  is  that  there  is  no  need  to 
translate  the  time  domain  constraints  into  the 
frequency  domain.  The  frequency  response  is 
manipulated  automatically,  in  such  a  way  that 
optimal  performance  is  achieved  while 
simultaneously  satisfying  all  constraints. 

Numerical  Limitations 

Convex  optimization  offers  very  structured  methods 
to  examine  design  trade-offs,  but  relies  heavily  on 
numerical  procedures.  This  strong  dependence  on 
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numerical  solution  introduces  some  limitations  in  the  with  more  constraints,  the  large  number  of  objective 

optimal  design  of  control  laws.  For  the  low  order  and  constraint  evaluations  (on  the  order  of  12(X)  to 

example  studied  in  this  woilt,  the  computation  time  15(X))  might  cause  difficulties.  For  this  reason,  it  is 

is  not  excessive.  The  most  demanding  optimizations  very  important  to  make  the  objective  and  constraint 

only  take  approximately  IS  minutes  on  a  Sun  evaluations  as  efficient  as  possible. 

SPARC  10  workstation.  For  higher  order  problems 

Tabu  1:  Comparison  of  convex  optimization  results. 


Performance 

r(2)  ^(2) 

4'’(20) 

21'» 

Control  Effort 

r(l) 

22  23 

4'>(20) 

LQG 

2.52 

2.80 

2.28 

3.56 

1.58 

1.86 

1.64 

2.92 

Opt  1 

1.34 

2.01 

1.91 

4.36 

2.12 

2.05 

2.05 

3.67 

Opt  2 

1.38 

1.38 

1.38 

3.85 

2.01 

2.0 1 

2.16 

3.90 

Opt  2 

2.67 

2.68 

2.65 

2.87 

1.61 

1.72 

1.57 

3.00 

(a  (rad/s)  on  (rad/s) 


Figure  6:  Closed  loop  transfer  functions  for  the  LQG  solution  (dotted),  and  the  solution  for  optimization  3  (solid). 


certain  cases,  it  is  straightforward  to  show  that  the 
A  more  subtle  numerical  limitation  involves  the  maximum  response  monotonically  increases  with 
evaluation  of  the  maximum  response  functions  for  time.  Therefore,  constraining  the  maximum  response 
the  lEB,  LEB,  and  TEB  distuffiance  models.  In  at  time  T  automatically  constrains  the  response  for  t 
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<  T.  There  is  no  such  guarantee  for  t>T,  though. 
For  the  flexible  structure  example,  bounding  the 
maximum  response  at  r  3  20  does  not  guarantee  that 
the  optimal  value  is  not  exceeded  at  future  time.  A 
more  appropriate  objective  might  be 

min  max  (42) 

over  the  time  interval  0  to  50  seconds. 
Unfortunately,  this  requires  many  more 
computations,  and  would  increase  the  time  of  the 
optimization  considerably.  Future  work  on  this  topic 
might  involve  finding  closed-form  solutions  for  the 
maximum  response  functions. 

Concluding  Remarks 

This  paper  illustrates  one  method  of  including  time 
domain  information  in  feedback  control  design.  By 
modeling  uncertain  excitations  deterministically, 
optimal  control  laws  are  obtained  efficiently  via 
convex  optimization.  This  allows  for  straightforward 
examination  of  the  trade-offs  that  exist  between 
achievable  performance  and  the  design  constraints. 

In  the  presence  of  uncertain  inputs,  the  achievable 
performance  is  a  function  of  the  model  chosen  to 
represent  the  disturbances.  As  one  would  expect, 
more  conservative  input  models  yield  more 
conservative  control  laws.  One  method  of  reducing 
the  conservativeness  of  a  control  law  might  be  to 
investigate  the  allowable  inputs  and  include  any 
available  time  domain  information  in  the  optimal 
feedback  design. 
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abstract 

The  performance  of  a  single  link,  very  tlexible  manipulator 
using  two  different  position  control  systems  was  studied.  A 
standard  PD  feedback  control  was  considered  along  with  PD  plus 
position  times  velocity  feedback.  An  analytical  model  of  the 
plant  was  identified  and  computer  simulations  using  the  two 
controllers  were  performed.  The  results  clearly  showed  a 
decrease  in  control  effort  for  the  system  using  nonlinear  control 
when  compared  to  a  similar  response  for  the  system  using  PD 
control.  Experimental  results  on  a  slewing  beam  system  verified 
this  result.  The  system  using  the  proposed  nonlinear  feedback 
control  required  significantly  less  energy  to  complete  the  same 
maneuver  as  the  system  using  the  standard  PD  feedback  control. 
Other  measures  of  performance  (e.g.  rise  time,  settling  time, 
overshoot)  were  slightly  improved  when  the  nonlinear  feedback 
was  added  to  the  controller. 


INTRODUCTION 

Slewing  motion,  the  rotation  of  a  structure  or  manipulator 
about  an  axis,  forms  the  basis  for  many  robot  and  satellite 
maneuvers.  The  work  presented  here  concerns  the  single  axis 
slew  maneuver  of  a  flexible  structure.  Numerous  researchers 
have  modeled  slewing  structures  and  designed  linear  control 
schemes  for  them.  The  slewing  flexible  structure  is  typically 
approximated  as  a  rigid  hub  connected  to  a  flexible  appendage. 
C^on  and  Schmitz  ( 1984)  modeled  and  performed  experiments 
with  a  single  link,  very  flexible  beam.  They  considered  the 
noncolocated  control  pr^lem.  where  the  tip  position  was  sensed 
and  controlled  from  an  actuator  located  at  the  other  end  of  the 
beam.  Similarly,  Juang,  Horta  and  Robenshaw  (1986) 
experimented  with  a  slewing  beam  and  a  solar  panel.  They 
compared  the  experimental  results  with  analytical  pactions  and 
found  good  agreement.  Other  researchers  investigated  the 
interaction  between  the  actuator  and  structure  of  slewing 
structures.  Garcia  (1989)  modeled  a  slewing  beam  and 
considered  the  effect  which  different  gear  ratios  between  the 
motor  and  the  beam  had  on  the  system.  Sah  (1990)  performed 


similar  work,  providing  a  method  to  select  the  parameters  of  a 
slewing  system  through  a  nondimensional  analysis.  Finally. 
Garcia  and  Inman  (1991)  considered  the  effect  of  integrate 
sensing  and  actuation  along  a  slewing  beam  to  control  the 
flexibility  of  the  structure. 

Why  consider  nonlinear  control?  The  strongest  argument  for 
using  nonlinear  control  is  that  it  can  significantly  improve  the 
performance  over  linear  control  schemes.  This  can  be  shown  in 
simulations,  where  the  step  response  rise  time,  settling  time  and 
overshoot  are  significantly  smaller  than  the  response  when  linear 
control  is  used.  Lewis  (1953)  showed  the  response  of  a  second 
order  system  can  be  improved  by  constructing  a  variable 
damping.  He  used  position  times  velocity  feedback  to  eliminate 
overshoot  and  improve  the  settling  time  of  a  positional 
servomechanism.  More  recently.  Castelazo  and  Lee  (1990) 
proposed  using  the  same  type  of  feedback  to  improve  the 
response  of  a  slewing  beam  system.  They  considered  a  nonlinear 
feedback,  where  state  positions  and  state  velocities  were 
multiplied.  A  heuristic  method  was  proposed  to  tune  the 
nonlinear  feedback  gains  and  the  resulting  performance  was 
bener  than  the  performance  provided  by  an  optimal  linear 
controller.  They  provided  simulation  results  for  a  slewing  beam 
to  verify  the  method.  Others,  such  as  Kuo  and  Wang  (1990), 
have  proposed  using  nonlinear  controllers  to  improve  the 
robustness  of  a  more  complicated  two  link  manipulator. 

initially,  the  purpose  of  this  work  was  to  experimentally  verify 
the  simulation  results  found  by  Castelazo  and  Lee.  However,  to 
insure  global  stability,  their  proposed  feedback  required  a  simple 
modification.  Also,  full  state  feedback  is  difficult  to  implement 
and  as  a  result,  proportional  plus  derivative  feedback  control, 
which  lends  itself  well  to  experimentation,  was  chosen  for  this 
purpose.  Angular  position  and  angular  velocity  are  easily 
measured  on  the  experimental  apparatus.  The  nonlinear  feedback 
consisted  of  the  angular  position  times  the  angular  velocity  and 
the  objective  was  to  show  that  the  system  using  nonlinear 
feedback  provided  better  results  than  the  system  using  the  best 
available  linear  feedback. 
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(a)  MOTOR/BEAM  ASSEMBLY 


FIGURE  1 


(b)  SLEWING  FLEXIBLE  BEAM 


THEORY  AND  MODELING 

The  experimental  apparatus  consisted  of  an  armanire  controlled 
DC  motor  connected  to  a  very  flexible  aluminum  beam.  Figure  1. 
The  slewing  equations  of  motion  [Garcia  (1989)]  can  be 
developed  using  Hamiltoris  principle  and  pertbrming  simple 
mechanical  and  circuit  analyses  of  the  motor  assembly,  llie 
equations  of  motion  are  written  as 

Mq-i-Dq-i-Kq  a  (I) 

where,  using  the  definition 

<*>(•*) =[i  ••• 

4^/.  ••• 

M,  0  •••  0 

M  a  M.  : 

symm.  0 

D  =  l>,«b{0)0^(0) 

'0  0  ■ 

(ufM,  0  0 

K  = 

symm.  0 

q=[®  9i  ••• 
and 


L 

0 

L 

/j  a  JpArp.i* 

0 

,Vf,  + 

0 


Also.  ^,(x)  are  the  mode  shapes  of  the  inertia-free  beam.  q,{t) 
are  the  generalized  coordinates.  is  the  gear  rado  between  the 
motor  and  the  beam,  p  is  the  beam  density,  A  is  the  beam  cross 
sectional  area,  x  is  measured  along  the  beam,  c,  is  the  equivalent 
viscous  damping  in  the  model,  the  motor  inertia,  and  K^. 
K„  and  R,  ate  motor  parameters. 

A  pole  zero  model  of  the  slewing  beam  system  of  Figure  1  was 
also  identified.  A  Fourier  analyzer  manufactured  by  Tektronix. 
Inc.  (model  #  2630)  was  used  to  collect  data  for  the  experimental 
model.  The  natural  frequencies  and  damping  ratios  of  the  pole 
zero  model  ate  given  in  Table  1  below.  This  model  was  used  in 
the  simulations  to  be  presented  since  it  was  obtained  from  test 
data  of  the  system  used  in  the  experiments. 


OUTPUT  FEEDBACK 

Simulations  will  be  presented  where  the  identified  pole 
zero  model  of  the  slewing  beam  (Table  1)  was  used  as  the  system 
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table  1  experimental  natural  frequencies 


modefi) 

CO,,  (Hz) 

1 

5.0 

1.3 

2 

15.4 

1.4 

3 

30.8 

1.7 

4 

51.8 

1.1 

5 

796 

1.1 

plant.  Using  a  potentiometer  and  a  tachometer  mounted  at  the 
slewing  axis  and  an  accelerometer  mounted  at  the  beam  tip.  this 
single  input  multiple  output  model  of  the  slewing  beam  system 
was  idenofied.  In  the  experimental  slewing  beam  system,  only 
angular  position  and  angular  velocity  at  the  slewing  axis  were 
made  available  to  the  controller.  For  this  reason,  a  proponional 
plus  derivative  (PD)  controller  was  studied.  A  block  diagram  of 
the  closed  loop  system  is  shown  in  Figure  2. 

The  dashed  box  indicates  the  operations  performed  in  the 
analog  computer  in  the  experiments.  In  Figure  2.  the  motor 
armature  voltage,  e, ,  can  be  represented  as 


3  k^(e^  -  er)-Wr  ~  J0r|0r 

There  are  no  gears  present  in  the  system.  The  controller  was 
designed  to  return  the  system  from  an  initial  angular  displacement 
of  30*  to  equilibrium  in  the  shortest  time  possible.  The  best 
response  was  defined  as  the  response  where  the  tip  position 
settled  in  the  shortest  time  without  exceeding  the  constraints  of 
the  motor  and  controller.  The  motor  was  limited  to  a  maximum 
of  30  V  and  IS  A  and  the  controller  saturated  at  10  V. 

Setting  k^  =  Q,  a  simple  PD  control  system  is  obtained.  In 
search  of  the  ideal  response,  a  tradeoff  exists  where  the 
magnitudes  of  the  feedback  gains  are  limited  by  the  constraints  of 
the  system.  Increasing  the  proportional  gain  beyond  a  certain 
value  caused  the  motor  and  controller  to  saturate.  Also,  beyond 
certain  values  of  the  settling  time  of  the  beam  tip  increased, 
which  was  also  undesirable. 

The  nonlinear  feedback  consists  of  the  absolute  value  of  the 
angular  position  at  the  slewing  axis  times  the  angular  velocity  at 
the  slewing  axis  adjusted  by  a  feedback  gain.  The  variable 
(nonlinear)  damping  pressed  here  provides  very  linie  additional 
damping  at  the  beginning  of  the  control  maneuver.  As  the  target 
position  is  approached,  the  damping  increases.  If  the  best 
response  of  the  linear  feedback  system  exhibited  overshoot,  it 
could  be  decreased  or  eliminated  by  increasing  the  nonlinear 
feedback  gain.  k^.  In  this  case,  increasing  k^  caused  the  sealing 
dme  to  decrease  initially,  then  increase  as  k^  became  large  and 
the  system  exhibited  an  overdamped  response.  If  the  system 
using  linear  feedback  showed  a  critically  damped  response,  then 
increasing  k^  increased  the  settling  time.  In  this  case,  when 


beam  tip 


FIGURE  2  CLOSED  LOOP  PD  PLUS  NONUNEAR 
FEEDBACK  CONTROL  SYSTEM 


was  small,  there  was  no  visible  effect  on  the  time  response  of  the 
beam  tip,  however,  the  control  effort  decreased.  In  other  words, 
it  was  possible  to  obtain  the  same  tinw  response  using  less  energy 
when  the  nonlinear  feedback  was  added  to  the  control  system. 

The  best  simulation  results  are  given  below.  Rrst.  a  response 
with  the  fastest  sealing  time  which  remained  within  the  physical 
constraints  of  the  system  was  obtained  using  PD  control.  TTien. 
nonlinear  feedback  was  added  to  the  system  until  the  most 
desirable  effects  were  obtained.  The  angular  position  at  the 
slewing  axis  versus  time  is  shown  in  Figure  3.  The  acceleration 
of  the  beam  tip  versus  time  is  shown  in  Rgure  4.  The  dotted  line 
represents  the  PD  control  and  the  solid  line  is  the  response  of  the 
PO  plus  nonlinear  control.  The  addition  of  the  nonlinear 
feedback  eliminated  the  overshoot  and  reduced  the  magnitude  of 
the  acceleration  at  the  beam  tip.  The  sealing  time  did  not  change, 
however  the  improvements  in  the  overshoot  and  acceleration 
make  the  result  using  the  nonlinear  feedback  control  more 
favorable. 

Figure  S  is  a  plot  of  the  instantaneous  power  versus  time  where 
the  upper  curve  is  for  the  linear  feedback  and  the  lower  curve  is 
the  result  using  nonlinear  feedback.  Integrating,  the  energy 
required  to  execute  the  control  maneuvers  was  obtained  and 
tabulated  in  Table  2.  A  significant  savings  in  energy  resulted 
through  the  addition  of  a  simple  nonlinear  feedback  to  the 
standard  PD  controller.  An  improved  response  was  obtained  and 
30.6%  less  energy  was  used  in  the  nonlinear  feedback  case. 

The  simulations  presented  above  used  a  model  obtained  from 
data  of  the  experimental  system  and  therefore,  they  provide  the 
most  optimistic  result  that  the  simulated  observations  can  be 
implemented  on  a  real  system. 


EXPERIMENTAL  RESULTS 
Simulations  provide  valuable  information  concerning  the 
dynamics  of  systems  before  any  experiments  ate  performed.  The 
experimental  results  are  presented  here.  First,  a  PD  controller 
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VERSUS  TIME 


Time  (seconds) 


FIGURE  5  INSTANTANEOUS  POWER  VERSUS  TIME 
FOR  THE  LINEAR  AND  NONLINEAR  FEEDBACK  CASES 
USING  THE  IDENTIFIED  PLANT  MODEL 


was  constructed  for  the  slewing  beam  and  an  experiment  was 
performed.  Then,  the  nonlinear  feedback  was  added  to  the 
controller  and  another  experiment  was  performed. 

It  is  important  to  note  that  this  study  was  initially  conducted  to 
verify  through  experimentation  that  the  proposed  nonlinear 
feedback  control  could  be  used  to  improve  the  time  responses  of 
the  slewing  beam  system.  However,  within  the  physical 
constraints  of  the  system,  the  improvements  in  the  time  responses 
were  small.  A  natural  extension  of  this  investigation  was  to 
determine  the  cost  of  the  change  in  performance.  This  is  where 
more  significant  results  were  found.  The  purpose  now  is  to  show 
that  it  IS  possible  to  reduce  the  energy  requirements  of  this  system 
with  no  loss  in  performance.  We  have  found  through  simulations 
and  through  experimentation  that  even  when  there  is  no  visual 
improvement  in  the  performance  as  measured  with  respect  to 
settling  time  or  rise  time  or  overshoot,  there  is  a  significant 
improvement  in  energy  consumption  when  the  proposed 
nonlinear  control  is  used  in  addition  to  the  linear  control. 

The  controllers  were  implemented  in  the  same  manner  as  in  the 
simulations.  The  beam  tip  acceleration  was  measured  and  used  as 
an  indicator  of  the  closed  loop  performance.  An  EAI  2(XX)  analog 


Time  (seconds) 

FIGURE  4  ACCELERATION  OF  THE  BEAM  TIP  VERSUS 
TIME 


T48LE  2  TOTAL  ENERGY  INPUT  TO  THE 
MOTOR  FOR  THE  SIMULATED  30'  SLEWING 
MANEUVER  USING  THE  IDENTIFIED  PLANT  MODEL 


Linear 

17.4  J 

Nonlinear 

12.1  J 

%  reduction 

30.616 

computer  manufactured  by  Electronic  Associates.  Inc.  was  used 
to  implement  the  controllers.  A  block  diagram  of  the  closed  loop 
system  was  given  in  Figure  2. 

The  controller  gains  were  adjusted  until  the  fastest  settling  time 
was  obtained.  The  time  responses  are  shown  below  for  the  PD 
controlled  slewing  beam.  The  beam  is  given  an  angular 
displacement  of  30'  and  slewed  to  0°.  A  plot  of  angular  position 
versus  time  is  shown  in  Figure  6,  the  beam  tip  acceleration  versus 
time  is  shown  in  Figure  7. 

These  experimental  responses  are  comparable  to  the  simulated 
responses.  In  general,  the  experimental  result  shows  less 
damping  than  the  simulation.  The  overshoot  is  larger  and  the 
settling  time  is  also  larger  than  the  simulation  predicted.  The 
reason  for  this  is  that  the  derivative  gain  used  was  smaller  than 
that  used  in  the  simulations.  A  smaller  gain  was  required  since 
higher  gains  degraded  the  performance  and  caused  the  amplifier 
to  saturate.  The  settling  times  of  the  angular  position  at  the 
slewing  axis  and  of  the  beam  tip  are  found  in  Figures  6  and  7  and 
they  were  approximately  2  seconds  each. 

The  time  responses  for  the  system  using  the  nonlinear  feedback 
are  also  shown.  Angular  position  at  the  slewing  axis  versus  time 
is  plotted  in  Figure  8.  Figure  9  shows  a  plot  of  the  beam  tip 
acceleration  versus  time.  Figures  8  and  9  show  that  the  settling 
times  of  the  angular  position  and  tip  acceleration  are 
approximately  2  seconds. 

The  instanuneous  power  versus  time  curves  for  the  system 
using  the  linear  and  nonlinear  feedback  controllers  is  given  in 
Figure  10.  The  upper  curve  is  the  result  obtained  from  the  PD 
controlled  system  and  the  lower  curve  represents  the  nonlinear 
feedback  case.  The  instantaneous  power  versus  time  curve  was 
obtained  by  multiplying  the  time  histories  of  the  motor  voltage 
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figure  6  ANGULAR  POSITION  AT  THE  SLEWING  AXIS 
VERSUS  TIME  (LINEAR  FEEDBACK) 


RGURE  8  ANGULAR  POSITION  AT  THE  SLEWING  AXIS 
VERSUS  TIME  (NONUNEAR  FEEDBACK) 


and  current  together.  Integrating  under  the  power  curve  gives  the 
total  energy  input  to  the  motor  for  the  control  maneuver.  For  the 
PD  controlled  system,  the  energy  input  was  16.3  J.  The  total 
energy  input  to  the  motor  for  the  nonlinear  feedback  system  was 
13.7  J. 

When  the  PD  feedback  gains  were  lowered,  an  underdamped 
response  was  obtained  which  remained  well  below  the  system 
constraints.  As  a  result  of  the  lower  PD  gains,  the  nonlinear 
feedback  gain  could  be  set  to  larger  values  and  significant 
improvements  in  overshoot  and  settling  time  were  obtained. 
This,  it  was  verified  that  the  proposed  nonlinear  feedback  control 
could  be  used  to  improve  the  closed  loop  performance  of  the 
linear  system.  The  plots  are  not  included  here  since  the  objective 
of  this  work  was  to  find  the  best  experimental  PD  controller,  then 
add  as  nnich  nonlinear  feedback  as  possible  (before  saturating  the 
amplifier)  and  compare  the  energy  requirements  of  each  system. 

Consider  the  experimental  time  responses  shown  above.  The 
angular  position  and  beam  tip  acceleration  settled  in  2  seconds  for 
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FIGURE  7  BEAM  TIP  ACCELERATION  VERSUS  TIME 
(LINEAR  FEEDBACK) 


FIGURE  9  BEAM  TIP  ACCELERATION  VERSUS  TIME 
(NONLINEAR  FEEDBACK) 


both  the  linear  and  nonlinear  control  systems  implemented. 
There  was  a  small  decrease  in  overshoot  in  the  angular  position 
for  the  nonlinear  feedback  result,  but  this  is  not  readily  apparent 
in  the  figures  shown.  In  general,  the  angular  position  plot  shows 
an  underdamped  response  for  both  the  linear  and  nonlinear 
feedback  results.  Considering  the  time  responses  of  the  beam  tip 
acceleration,  the  nonlinear  feedback  result  shows  a  small  decrease 
in  magnitude  of  the  peak  accelerations.  This  is  the  same  result 
noticed  in  the  simulations. 

Finally,  consider  the  power  plot  shown  in  Figure  lo. 

From  the  figure  ,  it  appears  that  the  system  using  nonlinear 
feedback  required  less  energy  than  the  system  using  the  linear 
feedback  alone.  The  peak  magnitude  of  the  instantaneous  power 
input  to  the  system  deceased  by  approximately  10%.  Integrating 
under  the  instantaneous  power  versus  time  curves  gives  the  total 
energy  input  to  the  motor  during  the  control  maneuver.  The 
results  are  shown  in  Table  3  .  A  15.6  %  decrease  in  energy 
resulted  for  the  system  using  nonlinear  control  than  for  the  system 
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Time  (seconds) 

FIGURE  10  EXPERIMENTAL  INSTANTANEOUS  POWER 
VERSUS  TIME  FOR  THE  LINEAR  AND  NONLINEAR 
FEEDBACK  CASES 


using  linear  control,  while  the  performance  was  virtually  the  same 
for  both  control  methods.  Therefore,  it  is  possible  to  add 
nonlinear  feedback  of  the  form  proposed  here  to  a  linearly 
controlled  system  and  save  energy,  while  obtaining  the  same 
performance  in  every  other  respecL 


CONCLUSIONS 

Initially,  the  purpose  of  this  work  was  to  experimentally  veri^ 
that  a  specific  nonlinear  feedback  control  could  be  used  to 
improve  the  time  response  of  a  closed  loop  system  using  linear 
control.  A  slewing  beam  system  was  chosen  to  implement  the 
nonlinear  control. 

Simulation  results  showed  only  small  improvements  in  the  time 
responses  (settling  time  and  overshoot)  for  the  nonlinear  system 
within  the  system  constraints.  However,  it  was  noticed  that  the 
control  effort  required  by  the  system  using  nonlinear  control  was 
less  than  that  required  by  the  system  using  the  linear  control.  The 
objective  then  changed  to  experimentally  verify  that  this  type  of 
nonlinear  control  used  less  energy  than  the  linear  control  when  all 
other  measures  of  performance  were  virtually  unchanged. 

Experiments  proved  that  the  addition  of  the  proposed  nonlinear 
feedback  improved  the  performance  by  lowering  the  energy 
required  to  execute  the  slewing  maneuver.  The  best  performance 
for  the  linear  control  was  an  underdamped  response.  Adding  the 
nonlinear  feedback  showed  no  significant  improvement  in 
performance.  However,  when  the  control  efforts  were  compared, 
the  nonlinearly  controlled  system  required  much  less  energy  than 
the  system  using  linear  control.  The  conclusion  reached  was  that 
the  nonlinear  feedback  control  proposed  here  can  significantly 
save  energy,  even  when  no  other  change  in  performance  is 
perceived. 
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Abstract 

A  robust  vibration  suppression  design  involving  the  use  of  optimal  control  theory  is  studied 
for  a  complex  flexible  structure.  The  digital  control  architecture  involves  non-colocated  feedback 
utilizing  active  piezoceramic  actuators  and  position  sensor  data.  The  modal  properties  of  the  multi¬ 
input-multi-output  structure  are  first  determined  from  experimental  data  in  order  to  obtain  an  identified 
state-space  model.  This  model  forms  the  basis  for  the  Hog  vibration  suppression  desigit  Performance 
specifications  are  developed  which  obtain  adequate  damping  in  the  structure  while  maintaining  controller 
integrity  without  the  destabilization  of  higher  modes.  A  controller  optimized  for  these  Hoo  performance 
specifications  is  implemented  on  the  actual  test  structure.  Experimental  stmctural  perturbations  are  also 
examined  in  order  to  determine  the  robustness  of  the  vibration  suppression  design.  The  experimental 
smdy  indicates  that  the  Hoo  design  substantially  increases  damping  in  the  targeted  frequency  region  and 
conforms  to  predicted  analytical  simulations. 
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Introduction 


space  structures  are  generally  very  flexible  and  have  many  degrees  of  freedom  in  both  the  bending 
and  torsional  modes.  The  problem  of  controlling  these  strucnures  has  been  investigated  vigorously  in 
the  past  (see,  e.g.  [1-3]),  by  utilizing  both  active  and  passive  damping  control  techniques.  Previous 
work  has  demOTistrated  the  potential  of  using  active  strut  elements  to  improve  the  vibrational  response 
of  a  structure'*.  The  application  of  these  active  elements  to  a  non-colocated  structural  control  problem 
can  enhance  system  performance  while  tailoring  the  input/output  properties  of  the  structure. 

The  if 30  control  strategy,  as  compared  to  classical  control  techniques,  provides  new  techniques  and 
perspectives  in  designing  control  systems.  This  is  accomplished  by  shaping  the  frequency  response 
characteristics  of  a  plant  according  to  pre-specified  performance  specifications  in  the  form  of  weighting 
fimctions.  The  H^c  design  process  is  chosen  since:  (1)  it  supplies  robust  stability  to  model  and  sensor 
uncertainties;  (2)  it  achieves  performance  requirements  efficiently;  (3)  it  handles  both  disturbance  and 
controller  saturation  problems  easily;  and  (4)  it  works  not  only  on  simple  single-input-single -output 
(SISO)  systems  but  also  on  multi-input-muiti -output  (MIMO)  systems^.  Therefore,  frequency  response 
criteiia  can  easily  be  shaped  to  desired  specifications. 

In  recent  years  the  implementation  of  robust  stabilization  and  control  based  on  H.x>  control  theory 
has  been  investigated  for  different  structures  (see,  e.g.  [6-7]).  However,  most  of  these  smdies  are  limited 
to  analytical  simulations.  A  common  procedure  first  involves  the  generation  of  a  finite  elemem  model 
for  the  structure.  Colocated  rate  feedback  is  often  implemented  in  order  to  damp  cenain  modes  and  to 
facilitate  a  reduced  order  model  used  in  the  Hoc  design  process.  However,  experimental  implementation 
of  colocated  velocity  feedback  can  lead  to  stability  problems  if  a  priori  precautions  of  actuator  dynamics 
are  not  taken^^.  In  particular,  the  control  of  low  frequency  modes  could  destabilize  the  intermediate 
and  higher  modes.  Also,  the  closed-loop  response  characteristics  are  sensitive  to  the  plant  model  used 
in  the  design.  If  significant  error  exists  between  the  nominal  model  and  the  actual  system,  then 
experimental  results  could  drastically  differ  from  analytical  simulations. 


Recent  experimental  verification  of  applying  an  Hao  design  for  active  vibration  suppression  has 
shown  more  practical  solutions  to  this  control  problem.  Fanson  et  al-  have  demonstrated  that  a  non- 
colocated  robust  caitrol  q>proach  can  provide  satisfactory  performance  characteristics  in  structures  with 
and  without  passive  damping.  However,  differences  exist  between  exp)erimental  results  and  theoretical 
responses,  due  to  significant  error  between  the  nominal  (finite  element)  model  and  the  acmal  structure. 
Stroughton  and  Voth^*’  have  shown  that  a  colocated  robust  control  design  for  a  highly  damped  structure 
could  be  developed.  This  design  is  insensitive  to  fairly  large  errors  in  specific  structural  modes. 
However,  the  controller  is  of  high  order  which  imposes  extensive  computational  burden.  The  intent 
of  this  paper  is  to  develop  a  low  order  H-x  controller  which  provides  structural  damping  in  a  flexible 
structure  using  non-colocated  sensors  and  actuators.  Non-colocated  control  of  a  flexible  strucmre  is 
difficult  to  achieve  since  low  damping  and  non-minimum  phase  characteristics  are  inherent  in  the  system. 

In  recent  years,  several  time  domain  techniques  have  become  useful  for  structural  testing  (see. 
e.g.  [11-13]).  In  most  circumstances,  time  domain  identification  algorithms  have  advantages  over 
conventional  frequency  domain  algorithms,  including:  higher  testing  speed,  better  resolution  of  modes 
in  high  modal  density  bandwidths.  and  lower  cost  of  instrumentation^*.  Therefore,  time  domain 
techniques  for  flexible  structure  realization  and  identification  are  useful  in  determining  state-space 
models,  which  are  required  for  the  Hx  control  design.  In  most  circumstances,  the  identification 
of  SISO  models  from  experimental  data  can  easily  be  obtained.  However,  since  transmission  zeros 
impose  strict  mathematical  constraints  on  system  matrices,  minimal  realizations  of  MIMO  systems  are 
usually  difficult  to  obtain  experimentally.  Possible  sources  of  error  include:  sensor  and  instrumentation 
noise,  slight  nonlinearities  inherent  in  the  structure,  and/or  background  vibration.  Therefore,  for  system 
identification  of  flexible  structures,  multiple  experiments  are  usually  performed  in  order  to  improve 
mathematical  models.  However,  this  requires  extensive  computational  time  and  effort. 

The  identification  algorithm  used  in  this  paper  identifies  accurate  (near  minimal)  realizations  of  a 
strucmre  from  only  one  set  of  experimental  data.  This  algorithm  combines  an  optimal  state  estimation 


routine,  known  as  the  Minimum  Model  Error  (MME)  esrimator^^^*,  with  the  Eigensystem  Realization 
Algorithm  (ERA)  in  order  to  provide  robust  features  for  MIMO  identification.  In  several  previous 
studies,  this  algorithm  has  been  successfully  applied  to  numerous  supplications,  including;  e.g..  nonlinear 
estimation**,  and  robust  realization/identification  of  mode  shapes  in  damped  structures*^"®. 

The  /i-synthesis  approach"*  utilizes  robust  performance  techniques  in  order  to  alleAdate  deviations  in 
the  nominal  model.  However,  this  methodology  usually  results  in  high  order  controllers  if  the  nominal 
model  has  a  large  number  of  uncenainties.  .Also,  the  choice  of  uncenainty  weights  requires  some 
level  of  iteration  and  intuition  in  order  to  achieve  the  required  performance  characteristics.  The  design 
procedure  in  this  psqier  involves  the  determination  of  an  accurately  identified  model  from  experimental 
data,  so  that  the  use  of  uncenainn'  weighting  can  be  minimized. 

Robusmess,  with  respect  to  parameter  and  structural  changes,  is  an  important  aspect  to  any  control 
design.  The  use  of  multiplicative  and  additive  uncertainty  singular  value  relationships  can  help  determine 
which  modes  are  sensitive  to  strucmral  variations^.  Of  particular  interest  is  the  suppression  (damping) 
of  lower  modes  without  the  destabilization  of  high  frequency  modes.  The  aid  of  accurate  model 
representations,  using  the  MME/ERA  identification  algorithm,  can  lead  to  a  clearer  coherence  between 
experimental  results  and  theoretical  predictions.  Therefore,  model  and  stmcmral  uncenainties  can  be 
studied  in  order  to  test  the  robusmess  and  sensitivity  of  the  Hoo  controller  on  the  closed-loop  system. 

The  organization  of  this  paper  proceeds  as  follows.  First,  a  brief  overview  of  the  control  theory 
and  design  methodology  is  summarized.  Then,  the  experimental  implementation  and  system  hardware 
for  the  structure  are  shown.  The  identified  model  is  then  realized  into  state-space  form  by  using 
the  combined  MME/ERA  identification  algorithm.  This  model  is  incorporated  with  performance 
specifications  for  vibration  suppression  and  controller  frequency-response  shaping.  Two  designs  are 
presented.  One  design  stresses  active  damping  in  the  first  two  modes  of  the  structure,  while  the  other 
design  stresses  robust  stability  over  a  higher  system  bandwidth.  Each  of  these  control  designs  are 
experimental  implemented  and  results  are  compared  to  theoretical  computer  simulations. 
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fftx;  Overview 


This  section  gives  a  brief  overview  of  the  fundamental  theor>’  of  Hgo  control  design.  The 
norm  of  a  transfer  function  matrix  represents  the  maximum  energy  in  the  output  signal  from  the  transfer 
function  due  to  any  input  of  unit  energy.  Therefore,  minimizing  the  Hgo  norm  of  a  transfer  function  is 
equivalent  to  minimizing  the  energy  in  the  output  signal  due  to  the  inputs*. 

In  order  to  demonstrate  the  fundamental  aspects  of  control  theory,  consider  a  system  with 
controller  F{s)  and  plant  The  sensitivity  function  (/  —  FG)~'  is  defined  as  the  transfer  function 
from  the  output  disturbance  D{s)  to  the  plant  output  y{s).  Then,  if  a  stabilizing  ccmtroller  (F)  is 
chosen  such  that  {I  —  FG)~'  is  minimized,  the  energy  of  the  plant  output  due  to  a  disturbance 
of  bounded  energy  is  minimized.  Similarly,  the  output  controller  fimction  F{I  —  FG)~^  is  the  transfer 

M 

function  from  the  reference  input  R{s)  to  the  controller  output  U(s).  Minimizing  \  :F{I  —  FG)  ‘ 

I  I  30 

constrains  controller  output  energy  and  also  maximizes  allowable  additive  plant  uncertainty*.  Hnally, 
the  complementary  sensitivity  function  FG{I  -  FG)~^  is  the  transfer  function  from  the  reference  input 

to  the  plant  output.  Minimizing  FG{I  —  FGY'",  '  tailors  plant  output  energy  to  input  reference 

00 

commands.  The  /foo  design  process  considers  these  closed-loop  performances  to  pre-specified  weighting 
functions,  denoted  as  and  U3(ju;).  The  optimization  problem  is  to  find  a 

stabilizing  controller  F{s)  that  minimizes: 


I!  7n'i(/ -FG)-' 

I  U2F(/+FG)-' 

iU3FG(/-FG)-' 


(1) 


Equation  (1)  also  shapes  the  frequency  loop  transfer  fimction  L{s)  =  G{s)F{s)  by  penalizing  the 
sensitivity  function  to  reject  plant  disturbances,  and  high  frequency  L{s)  by  penalizing  the  comple¬ 
mentary  sensitivity  to  cope  with  model  uncertainties,  while  maintaining  controller  output  to  desired 
specifications.  The  solution  of  the  H^c  control  problem  involves  an  iteration  on  the  7  term  of  the 


specified  disturbance  weighting  function.  As  7  is  increased  the  sensitivity  function  (5(5))  decreases, 
while  the  complementary  sensitivity  function  ((/  -  5))  approaches  the  weighting  fimction. 

Hx  Design  with  Active  Damping 


The  mixed  sensitivity  approach-*  in  Equation  (1)  shows  a  clear  trade-off  between  performance  and 
robustness  of  a  multi-variable  system.  However,  this  methodology  does  not  enable  a  practical  design 
approach  for  active  damping,  since  plant  dynamics  are  usually  canceled  with  compensator  dynamics. 
This  section  expands  upon  die  fundamental  H^o  control  formulation  in  order  to  provide  a  means  of 
incorporating  active  damping  into  a  structure  with  inherendy  low  structural  damping  ratios  (well  below 
0.50%  critical). 

Consider  the  block  diagram  of  a  MIMO  plant  in  Figure  1.  Let  the  MIMO  plant  ((^(a))  be  partitioned 
into  “disturbance”  (Gi(5))  and  “plant/actuator”  (02(5))  transfer  functions,  i.e.; 


ris)=G,{3)Uia{s)^G2is)U2is) 


(2) 


The  partitioned  transfer  functions  have  ideally  the  same  characteristic  polynomial,  and  differ  only  in 
ntimerator  dynamics.  The  inputs  in  Figure  1  are:  C'ia(^)>  any  disturbance  input  into  the  structure  (non- 
colocated  with  the  actuator,  and  a  fictitious  input  used  to  simulate  the  sensor  uncenainty.  The 

“augmented”  plant  with  control  compensator  is  shown  in  Figure  2. 

Fifttre  1  Multi*Iaput-Miittt>Outpiit  Block  Diagram 


Figure  2  Augmented  Cloacd-Loop  System 
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The  open-loop  transfer  function  matrix  of  the  augmented  plant  is: 


Via 

IT: 

-U  1G2 

y\b 

0 

0 

yic 

= 

t'l 

0 

.  2/2  . 

_ 

I 

—  G2 

■ttu  ■ 

-  “2  - 


t3) 


where  uo  and  are  controller  output  and  input,  respectively.  The  sensitivity  function  between  the 
disturbance  input  and  the  plant  output  now  becomes: 


^  gt 

Uia  I  ~  FG2 


(4) 


Therefore,  active  damping  can  be  accomplished,  since  pole  locations  of  the  closed-loop  transfer  function 
in  Equation  (4)  are  shifted  by  the  controller  (F)  and  plant/acmator  transfer  functions.  From  Figure  2. 
the  characteristics  of  the  weighting  function  iri(s)  determines  the  amount  of  damping  and  frequency 
response  dynamics  of  the  closed-loop  systems.  The  complementary  sensitivity  (sensor  uncenamtv) 
function  and  controller/limiter  function  remain  unchanged  from  the  previous  section.  Also,  once  the 
augmented  plant  in  Equation  (3)  is  formed,  numerical  algorithms  for  the  computation  of  the  optimal 
controller  can  be  utilized.  This  controller  solution  is  determined  by  the  two-Riccati  algorithm-^  using 
the  Robust  Control  Toolbox-^  for  Madab. 

Experimental  Hardware 

A  clamped  frame  serves  as  a  testbed  for  the  experimental  Hgo  control  implementation.  The  structure 
consists  of  39  elements  connected  at  18  nodes.  All  but  two  of  the  strucmral  members  are  made  from 
thin-walled  circular  aluminum  tubing  with  an  outer  diameter  of  0.2S  and  a  wall  thickness  of  0.05  . 
Each  member  is  pinned  and  bolted  into  the  nodes  to  eliminate  looseness  in  the  jo'  ^rs.  The  frame 
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is  configiued  in  a  planar  fashion  so  that  the  only  significant  defotmation  occun  perpendicular  to  the 
structure  (see  Figure  3). 

Figure  3  FIcxibic  FraaM  Testbed 

Two  of  the  strucmral  members  are  fiat  aluminum  bars  layered  with  piezoceramics.  Either  of  these 
struts  can  excite  the  frame  since  a  voltage  applied  across  the  piezoceramics  produces  a  moment  on 
the  frame.  The  strut  on  the  bonom  of  the  frame  has  four  ceramics  glued  to  it  and  serves  as  the 
control  acmator.  The  other  flat  stmt  is  configured  with  the  same  number  of  piezoceramics  and  acts  as  a 
disturbance  source.  Each  of  these  active  members  has  a  thickness  of  0.25  and  a  width  of  1.0625'.  The 
piezoceramics  are  Model  G-1195  from  Piezo  Electric  Products  with  dimensions  2.5*  x  0.75*  x  0.01*. 

The  sensor  is  a  Philtec  (model  88NE3)  optical  displacement  sensor  placed  near  node  18  at  the 
free  end  of  the  frame.  This  sensor  is  non-colocated  with  both  the  control  acmator  and  the  dismrbance 
source.  Frequency  analysis  and  data  acquisition  are  performed  using  a  Tektronix  2630  Fourier  Analyzer. 
Control  laws  are  implemented  on  an  Optima  3  digital  controller,  sampling  at  a  rate  of  5(X)  Hz.  This 
sampling  rate  allows  the  maximum  allowable  performance  for  the  Hoo  controller  design.  Finally,  two 
Hewlett  Packard  (model  6924A)  amplifiers  are  used  to  magnify  the  control  and  disturbance  signals. 

Robust  System  Estimation  and  identification 

An  accurate  state-space  model  of  the  testbed  is  required  in  order  to  perform  an  optimal  control 
design.  In  this  woik,  the  Eigensystem  Realization  Algorithm (ERA)  is  combined  with  the  Minimum 
Model  Error^^  (MME)  optimal  estimator  in  order  to  update  a  finite  element  (nominal)  model  to  conform 
with  experimental  data.  The  finite  element  model  provides  a  fairly  accurate  representation  of  the  frame  at 
the  lower  modes,  as  shown  in  Figures  4  and  5.  However,  the  higher  modes  are  not  modeled  accurately. 
This  could  cause  the  destabilization  of  higher  modes  when  implementing  the  controller  onto  the  acmal 
structure. 

Figure  4  Experimental,  Analytical,  and  IdentiSed  Magnitude  Plots  (1st  input) 

Figure  5  ExperimenlaL  .Analytical,  and  Identified  Magnitude  Plots  (2nd  input) 
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The  ERA  method  is  effective  for  developing  accurate  state-space  models  when  noise  levels  are  low 
in  nature.  However,  difficulties  arise  when  higher  noise  levels  are  present  in  the  output  measurements. 
These  effects  can  make  a  minimal  state-space  model  of  a  MIMO  system  extremely  difficult  to  obtain, 
since  transmission  zeros  also  constrain  the  realization.  For  the  identification  of  the  testbed  the  ERA  is 
able  to  identify  the  natural  frequencies  and  damping  ratios  fairly  accurately  using  an  average  of  three 
different  time  histories.  But.  a  near  minimal  MIMO  realization  of  the  testbed  could  not  be  obtained. 
By  combining  the  ERA  with  the  MME  estimator,  which  utilizes  the  minimal  state-space  MIMO  finite 
element  model,  improved  modal  identification  is  achieved  with  near  minimal  MIMO  realizations. 

In  this  section,  the  MME  algorithm  is  briefly  reviewed  for  the  case  of  linear  time-variant  state- 
space  models.  A  more  detailed  derivation  of  the  algorithm  may  be  foimd  in  Reference  15.  The  MME 
algorithm  assumes  that  the  state  estimates  are  given  by  a  nominal  (pre-specified)  model  and  an  un¬ 
modeled  error  vector,  shown  as: 


Lit)  =  Arn(t)x{t)  -  Bmit)  u(t)  ~d(t) 

y{t)  =  Cmit)L{t)  -  Dm{t)u{t) 


(5) 


where  .4^(0*  Bmit),  Cm(0’  Bmit)  are  time-variant  nominal  state  matrices  from  the  finite  element 
model,  u(t)  is  a  (p  X  1)  known  forcing  input,  d(t)  is  an  (n  x  1)  un-modeled  (to-be-determined)  model 
error  vector,  i(f)  is  the  (n  x  1)  state  estimate  vector,  and  y(t)  is  the  (?  x  1)  estimated  output.  For 
the  remainder  of  this  paper,  the  state-space  (model)  matrices  are  assumed  time-variant,  but  are  shown 
without  the  time  argument  (t). 

State-observable  discrete  time-domain  measurements  are  assumed  for  Equation  (5)  in  the  following 
form: 


yitk)  =  9kiL(tk),tk)  + 


(6) 


where  y(4)  is  an  (?  x  1)  measurement  vector  at  time  ^  is  m  accurate  model  of  the  measurement 
process,  ^  represents  measurement  noise,  and  m  is  the  total  number  of  measurement  output  sets. 
The  measurement  noise  process  is  assumed  to  be  a  zero-mean.  Gaussian  distributed  process  of  known 
covariance,  R. 

In  the  MME.  the  optimal  state  estimates  are  determined  on  the  basis  that  the  measurement-minus- 
estimate  error  covariance  matrix  must  match  the  measurement-minus-tmth  error  covariance  matrix.  This 
condition  is  referred  to  as  the  “covariance  constraint”,  approximated  by: 

{  -y{tk)_  ±itk)  -  R  O) 


Therefore,  the  estimated  measurements  are  required  to  fit  the  actual  measurements  with  approximately 
the  same  error  covariance  as  the  actual  measurements  fit  the  truth. 

A  cost  functional,  consisting  of  the  weighted  sum  square  of  the  measurement-minus-estimate 
residuals  plus  the  weighted  sum  square  of  the  model  correction  term,  is  next  minimized; 

m 

Jk=l 

t,  (8) 

^  j  d{T)^\Vi{T)dT 

where  W  is  a  weight  matrix  determined  by  satisfying  the  covariance  constraint.  If  the  measurement 
residual  covariance  is  larger  than  R,  then  the  measurement  estimate  is  not  close  to  the  actual  system 
measurements.  Therefore,  U'  should  be  decreased  in  order  to  less  penalize  the  model  correction  (d(t)). 
However,  if  the  estimate  covariance  is  to  low,  then  W  should  be  increased  in  order  to  allow  more 
model  correction.  The  model  error  corrects  the  finite  element  model  in  order  to  estimate  the  output 
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using  experimental  meastuements.  Therefore,  the  model  error  term  tends  to  update  the  finite  element 
model  to  conform  to  actual  system  responses. 


The  necessary  conditions  for  the  minimization  of  J,  with  respect  to  the  model  correction  term  d{t). 
leads  to  the  following  Two-Point-Boundar>-Value-Problem  TPBVP^-';  . 

Lit)  =  .-l,„  xit)  -  Brn  u(0  -  d{t) 

kt)  =  -  Aim 
1 

.iit]  =  --  :r-’- A(M 

k{t^)  =  k(t^)  -2CIR~^  _y(4)  -y{tk)\ 

where  A(t)  is  a  vector  of  co-states  (Lagrange  multipliers).  Also,  the  co-state  equation  is  updated  at 
each  measurement  interval.  The  boundary  conditions  are  selected  such  that  either  A(^o  )  =  2  or  i(^o )  is 
specified  for  the  initial  time  and  either  A(^7)  =^lor  x (t /)  is  specified  at  the  final  dme.  The  solution  of 
the  TPBVP  involves  the  determination  of  a  linear  Riccati  equation  and  a  linear  differential  equation 


Modified  Eigensystem  Realization  Algorithm 

The  ERA  method  is  a  modal  synthesis  technique  based  on  the  concept  of  singular  value  decom¬ 
position  (see  Reference  17  for  more  details).  This  procedure  is  capable  of  accurately  identifying  the 
model  properties  of  systems  involving  perfect  or  low-noise  measurements.  In  this  section  the  ERA  is 
expanded  to  include  the  state  and  output  estimates  given  by  the  MME  estimator. 

Consider  the  discrete-time  linear  dynamic  equation; 


x{k  —  1)  =  Ax{k)  —  B  u{k) 
y{k)  =  C  x{k)  T  D  u{k) 


(10) 


where  x  is  a  (nxl)  state  vector,  u  is  a  (px  1)  input  vector,  y  is  a  (^xl)  output  vector,  and  .4,  B, 
and  C  are  (nxn),  (nxp)  and  (gxn)  constant  matrices,  respectively.  A  solution  to  Equation  (10)  is 

li 


given  by  the  Maikov  parameters  from  a  unit  impulse  response: 


V*(/:)  =  X(K)  =  A^-^B  (11) 

The  first  step  in  the  modified  ERA  is  to  form  an  (r  x  5 )  block  Hankel  matrix  composed  of  the  impulse 
response  data  from  the  MME: 


B(k-l) 


Z<k)  ...  Z(k  —  m,_i) 


lZ(k-l,.i)  ...  + 


(12) 


where  r  and  s  are  arbitrary  integers  satisfying  the  inequalities  rq  >  n  and  sp  >  n,  and 
(z  =  1, 2,  ...  ,  r  -  1)  and  rrij  (;  =  1.  2.  . . .  ,  3  -  1  )  are  arbitrary  integers.  The  vector  Z  consists 
of  the  estimated  output  and  states  given  by  the  MME  estimator,  i.e.  £  =  [i  yj^.  The  singular 
value  decomposition  of  H  may  be  expressed  as  H  =  PD„Q.  The  ERA  then  forms  the  discrete-time, 
reduced-order  model  realization  of  dimension  re  in  the  following  form: 

.4  = 

B  =  Dl!‘^QlE, 

(13^ 

C  =  EjPnD]!^ 

D  =  r(0) 

where  Pn  and  Qn  <ire  formed  from  the  first  n  columns  of  P  and  Q  from  the  singular  value  decomposition, 
and  Dn  is  the  diagonal  matrix  of  singular  values.  Ej  is  [Im,  0],  and  EJ  is  [/,,  0],  where  Ip  and  /,  are 
identity  matrices  of  order  p  and  g,  respectively,  and  0  is  the  zero  matrix. 

The  modal  damping  ratios  and  damped  natural  frequencies  are  calculated  by  observing  the  real  and 
imaginary  parts  of  the  eigenvalues,  after  a  transformation  from  the  z-plane  to  the  silane  is  completed^^. 
The  physical  mode  shapes  of  the  system  are  determined  using  the  realized  eigenvectors  ($)  of  the  ERA 
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state  matrices.  The  physical  mode  shapes  are  given  by  =  C,n  ^  •  Physical  state  matrices  can  be 
determined  by  using  this  mode  shape  matrix  and  the  continuous  eigenvalue  matrix: 


Ai  4^-'  =  ^ 


0 

0 


,  -1 


(14) 


where  A  is  the  continuous  eigenvalue  matnx.  derived  from  a  discrete  to  continuous  eigenvalue  transfor¬ 
mation  of  the  ERA  state  matrix.  Therefore,  an  identification  of  system  parameters  is  possible  by  using 
the  physical  state  matrices  shown  in  Equation  (14). 


Combined  Realization  Algorithm 

The  combined  MME/'ERA  algorithm  enables  the  realization  of  a  MIMO  model  in  the  presence  of 
significant  model  error,  process  noise,  and  measurement  noise.  In  order  to  obtain  impulse  response 
data,  the  test  stiucmre  is  excited  using  a  random  input  with  a  bandwidth  of  0-50  Hz.  An  inverse  and 
regular  Fourier  transformation  is  applied  on  this  data  to  obtain  the  impulse  response  time  histories.  Also, 
only  one  set  of  data  for  each  irtput  is  taken  for  the  identification.  Therefore,  extensive  and  repetitive 
computational  analysis  is  attenuated  by  using  the  combined  MME/ERA  method,  since  averaging  of 
multiple  sets  of  data  is  not  needed.  This  is  an  important  aspect  due  to  the  difficulty  of  obtaining 
multiple  sets  of  experimental  data  for  orbiting  space  structures. 

A  block  diagram  illustrating  the  steps  of  the  robust  realization  algorithm  is  shown  in  Figure  6. 
First,  the  finite  element  model  is  used  as  the  assumed  model  in  the  MME  estimator.  Next,  the  M\IE 
estimation  problem  is  solved,  using  the  covariance  constraint  to  determine  an  optimal  weighting  matrix. 
The  continuous  estimated  state  histories  produced  from  the  MME  are  then  re-sampled.  Finally,  these 
estimated  time  histories  are  processed,  in  order  to  realize  an  accurate  model  of  the  system  parameters, 
using  the  modified  version  of  the  ERA.  These  steps  may  be  repeated  if  necessary  in  order  to  funher 


smooth  the  measurements  and  improve  the  identification  process.  However,  accurate  identificahon 
results  for  this  testbed  required  only  one  iteration  through  the  MME  estimation  process. 

Fifore  (  Block  Oiafram  of  the  Combined  Realization  AJ{orttlun 

The  modal  properties  for  the  first  eleven  flexible  modes  of  the  frame  are  shown  in  Table  1 .  The 
frame  has  all  of  the  characteristics  of  a  large  flexible  structure.  It  is  modally  dense,  with  eleven  modes  in 
the  first  60  Hz  bandwidth.  Also,  inherent  damping  in  the  struemre  is  low.  with  modes  having  damping 
ratios  less  than  0.50%.  The  combined  algorithm  also  identifies  the  frequency  response  characteristics 
of  the  in-room  fluorescenr  lighting  at  about  60  Hz. 

Table  1  Poles  of  the  Identified  Model 


Mode 

-  (Hz) 

C  (%) 

1 

1.91 

0.46 

4.00 

0.25 

10.14 

0.21 

4 

15.80 

0.20 

5 

23.10 

0.13 

6 

29.67 

0.17 

7 

37.06 

0.13 

8 

48.36 

0.45 

9 

49.00 

0.36 

10 

54.55 

0.25 

11 

56.08 

0.27 

lights 

60.00 

0.00 

real 

0.20 

Magnitude  Bode  plots  of  the  MME/ERA  identification  results  are  compared  to  experimental  fre¬ 
quency  response  charaaeristics  in  Figures  4  and  5  (also  shown  is  the  finite  element  model  frequency 
plot).  The  MME/ERA  produced  a  near  minimal  realization  (24'*'  order)  for  the  first  eleven  modes. 
This  MIMO  model  is  extremely  accurate  with  good  agreement  to  experimental  frequency  response  re¬ 
sults.  Also,  the  modal  amplitude  coherence*^  (MAC)  factors  are  substantially  improved  when  using 
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the  combined  MME/ERA  algorithm.  Therefore,  this  MIMO  state-space  model  forms  the  basis  for  the 
robust  control  design. 


Robust  Control  Design 

In  this  section  the  concepts  and  limitations  for  the  selection  of  the  proper  weighting  ftmctions  used 
in  the  h-x,  design  ore  presented.  The  appropriate  selection  of  weighting  functions  over  the  desired 
frequency  range  is  not  e.xplicitly  related  to  the  performance  objectives  in  a  straightforward  manner. 
Numerous  trial  selections  are  usually  required  in  order  to  obtain  desired  performance  objectives. 

The  goal  of  the  Hx  design  is  to  reshape  the  open-loop  dynamics  in  order  to  provide  vibration 
suppression  in  the  frequency  region  considered.  Therefore,  the  sensitivity  function  in  Equation  (4)  is 
utilized  to  reshape  these  desired  frequency  characteristics  and  provide  adequate  damping  to  the  structure. 
The  complementary  sensitivity  function  is  used  as  an  uncertainty  weight  for  the  sensor  output.  After 
careful  consideration  and  numerous  trials,  a  set  of  proper  inverse  weighting  functions  is  obtained.  The 
inverse  weighting  functions  for  the  sensitivity  and  complementary  sensitivity  functions  are  shown  in 
Figure  7.  The  U'f  ^  function  weights  the  sensitivity  fiinction  along  the  zero  decibel  region  over  a  desired 
frequency.  Damping  can  be  added  to  the  system  by  decreasing  the  overall  magnimde  of  this  weighting 
function  (accomplished  by  increasing  7  in  the  control  solution  formulation).  The  VI *3“^  frequency 
function  invokes  a  higher  weight  at  lower  frequencies  with  a  first  order  roll-off  at  higher  frequencies. 
This  limits  the  low  frequency  noise  from  the  sensor  so  that  it  is  not  amplified  through  the  controller. 

Figure  /  Magaitude  Plots  of  tbe  Inverse  Weighting  Functions 

The  inverse  weighting  function  for  the  controller  output  is  also  shown  in  Figure  7.  The  desired 
characteristics  of  the  controller  is  to  obtain  an  attenuated  controller  response  at  lower  and  higher 
frequencies.  This  results  in  a  third-order  weighting  function  that  simulates  a  band-pass  filter.  The 
choice  of  this  weighting  function  insures  that  the  controller  does  not  destabilize  higher  frequency  modes 
and  also  attenuates  control  signals  at  lower  frequencies. 
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The  selection  of  these  weighting  functions  provides  adequate  damping  in  the  closed-loop  system. 
An  optimal  /f*  controller  solution,  using  the  7  iteration  technique,  is  determined  with  these  weighting 
functions.  The  controller  is  found  to  be  proper  and  rational.  Since  the  augmented  state-space  model, 
derived  from  Equation  C?).  is  29'**  order,  the  subsequent  H-x.  controller  is  also  29'**  order.  The  Schur 
balanced  model  reduction  method''*  is  used  to  reduce  this  controller.  The  size  of  the  resulting  controller 
is  15'**  order.  The  frequency  response  characteristics  of  the  control  design  is  shown  in  Figure  8.  The 
controller  size  is  the  maximum  allowable  order  for  the  digital  computer  implementation.  The  ne.\t 
section  summarizes  the  closed-loop  results  and  shows  a  comparison  between  analytical  simulations  and 
experimental  results. 

Figure  8  Magnitude  Plot  of  the  Robust  Controlier 

Experimental  Control  Results 

In  this  section,  the  Hx  controller  is  experimentally  implemented  ^nto  the  testbed  in  order  to  test 
the  validity  of  the  identification  and  control  techniques  previously  described.  Results  show*  that  the 
performance  objectives  can  be  met  with  a  significant  increase  in  damping  for  more  than  one  mode. 
Model  uncertainties  are  also  experimentally  investigated  and  the  results  are  compared  to  theoreticai 
predictions. 

The  initial  Hx  controller  design  (shown  in  Figure  8)  is  found  to  substantially  increase  the  damping 
in  the  first  two  modes  without  the  destabilization  of  higher  modes.  Digital  implementation  of  this 
controller  onto  the  testbed  increases  the  damping  in  the  first  mode  (bending)  by  a  factor  of  about  14 
(Cc/  =  6.32%)  and  the  second  mode  (torsional)  by  a  factor  of  about  30  {Qi  =  7.51%).  These  results  are 
summarized  in  Table  2  (the  table  also  gives  results  for  perturbed  systems  and  a  second  ccmtrol  design, 
each  described  later).  Slight  damping  is  also  provided  in  higher  frequency  modes.  The  closed-loop 
transfer  function  between  the  disturbance  input  and  position  sensor  for  the  first  two  modes  is  'ihown  in 
Figure  9.  The  Hx  controller  is  able  to  significantly  provide  active  damping  in  the  targeted  frequency 
region.  Figure  10  shows  the  position  sensor  output  to  a  random  noise  input  (bandwidth  of  0-5  Hz) 
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s^lied  at  the  disturbance  strut.  Both  open-loop  and  closed-loop  responses  are  shown.  Without  the 
controller,  the  vibration  of  the  frame  does  not  settle  out  for  well  over  80  seconds.  Qosing  the 
loop  not  only  attenuates  the  level  of  vibration  by  over  75%,  but  the  iiKtease  in  damping  also  reduces 
the  settling  time  to  less  than  4  seconds.  In  fact,  the  closed-loop  response  has  a  magnitude  near  to  the 
noise  level  of  the  sensor. 

Table  2  System  Results  for  Two  Controller  OcsiKSS  and  Perturbations 


System 

Nominal 

1**  Perturbed 

2"'^  Penurbed 

a^c) 

‘*’’n 

a%) 

Initial 

1)  1.91 

0.46 

1)  1.95 

6.32 

1)  1.95 

6.55 

unstable 

Controller 

2)  4.00 

0.25 

2)  4.41 

7.51 

2)  4.44 

6.57 

unstable 

Second 

1)  1.91 

0.46 

1)  1.91 

1.94 

1)  1.91 

1.93 

1)  1.59 

1.56 

Controller 

2)  4.00 

0.25 

2)  4.12 

2.56 

2)  4.11 

2.50 

Em 

2.62 

Figure  9  Closed-Loop  and  Open-Loop  IVansfer  Function  Magnitude  Plots 


Figure  10  Closed-Loop  and  Open-Loop  Time  Responses 


With  the  nominal  design  complete,  model  and  structural  uncenainties  are  next  studied  in  order  to 
test  the  robusmess  and  sensitivity  of  the  controller  on  the  closed-loop  system.  This  is  accomplished 
by  varying  the  modal  properties  of  the  frame,  while  utilizing  the  controller  designed  for  the  nominal 
system.  The  net  effect  on  the  structure  is  to  incorporate  multiplicative  perturbations  into  the  system. 
The  norm  of  a  system  can  be  used  to  measure  the  stability  margins  of  the  nominal  control  design 
in  the  face  of  these  perturbations.  Applying  small  gain  theory^  to  this  uncenainty  case,  a  sufficiency 
test  for  stability  robusmess  with  a  multiplicative  uncertainty  input  is  given  as: 


a-(Am(5))  < 


_ 1 _ 


(151 


where  Am('S)  denotes  multiplicative  uncertainties  and  <r  denotes  the  maximum  singular  value  over 
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the  de^iired  frequency  region.  Therefore,  a  multiplicative  uncertainty  bound  over  all  frequencies  can 
be  used  to  determine  which  frequency  is  most  sensitive  to  multiplicative  perturbations.  A  plot  of  the 
theoretical  uncertainty  bound  for  the  initial  control  design  using  the  nominal  plant  is  shown  in  Figure 
11.  From  this  figure,  the  frequency  which  is  most  sensitive  to  plant  perturbations  is  the  23  Hz  mode. 
Therefore,  this  mode  is  most  likely  to  become  unstable  in  the  face  of  perturbations  on  the  firame. 

Figure  11  Theureticui  Multiplicative  L'ncertauitv  Bouod 


Multiplicative  perturbations  are  accomplished  experimentally  by  varying  the  modal  properties  of  the 
frame,  while  utilizing  the  initial  (nominal)  control  design.  The  natural  frequencies  and  mode  shapes  are 
altered  by  placing  weights  at  various  points  along  the  frame.  These  weights  have  a  mass  of  approximately 
3-5%  of  the  mass  of  the  total  structure.  The  first  perturbation  is  to  place  the  weights  on  nodes  4  and 
5  on  the  testbed  (see  Figure  3).  The  second  permrbation  is  to  place  the  weights  on  nodes  16  and  17 
on  the  testbed.  The  resulting  changes  in  natural  frequencies  for  these  perturbations  are  shown  in  Table 
3.  The  first  perturbation  has  an  average  deviation  of  about  10%  from  the  nominal  natural  frequencies. 
The  second  perturbation  has  an  average  deviation  of  about  15%.  The  most  significant  changes  occur  at 
higher  frequencies.  Therefore,  the  nominal  controller  can  be  tested  for  stability  and  performance 
using  the  experimentally  perturbed  systems.  The  controller  is  first  used  with  the  weights  on  nodes  4 
and  5.  Results  for  the  closed-loop  damping  ratios  are  shown  in  Table  2.  Even  with  an  average  of  10% 
changes  from  the  nominal  system,  robust  stability  and  performance  is  achieved,  with  equal  damping 
ratios  as  the  nominal  system.  osed-loop  results  for  the  second  perturbation  show  that  the  system 
becomes  unstable.  However,  as  raeory  predicts  from  the  multiplicative  uncertainty  plot  (Figure  11).  the 
closed-loop  system  becomes  unstable  at  a  frequency  of  about  23  Hz  (shown  in  Figure  12).  Therefore, 
with  the  aid  of  accurate  system  models,  the  sensitivity  of  the  controller  can  be  investigated  and 
adjusted  in  order  to  compensate  for  perturbations  without  implementing  the  controller  to  the  actual  frame. 

Figure  12  E.\perimeatal  Instability  using  the  First  Perturbed  Sjrstem 
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Table  i  Natural  Freqaeades  of  the  Perturbed  Models 


Mode 

*  (Hz) 

(Hz) 

*  (Hz) 

number 

(nom.) 

(1st  pcit.) 

(2nd  pert.) 

1 

1.91 

1.88 

1.59 

2 

4.00 

4.00 

3.88 

10.14 

9.78 

9.41 

4 

15.80 

15.28 

15.03 

5 

23.10 

22.66 

21.38 

6 

29.67 

24.03 

7 

37.06 

29.03 

27.97 

8 

48.36 

32.12 

35.47 

9 

49.00 

44.25 

39.72 

10 

54.55 

47.25 

46.16 

The  second  controller  design  provides  more  robust  stability,  but  decreases  performance  slightly. 
This  controller  is  derived  by  simply  decreasing  the  7  term  during  the  solution.  The  e.xperimental 
closed-loop  results  for  the  nominal,  first  perturbation,  and  second  perturbation  systems  are  shown  in 
Table  2.  The  magnitude  frequency  response  and  time  responses  to  a  random  input  are  also  shown 
in  Figures  9  and  10,  respectively.  The  nominal  design  increases  damping  by  a  factor  of  about  4 
in  the  first  mode  and  by  a  factor  of  about  10  in  the  second  mode.  This  damping  is  less  than  the 
first  controller  design;  however,  the  multiplicative  uncertainty  bound  allows  a  greater  perturbation  at 
23  Hz,  as  opposed  to  the  initial  controller  design.  Closed-loop  results  indicate  that  robust  stability 
and  performance  is  maintained  for  both  perturbation  systems  (see  Table  2).  The  second  perturbation 
system  remains  stable  and  has  s^roximately  the  same  increase  in  damping  as  the  first  peiturbation  and 
nominal  design,  using  the  second  controller. 

The  control  of  the  frame  is  next  tested  by  placing  the  sensor  at  various  nodes  along  the  frame.  The 
sensor  is  next  mounted  at  node  15  and  the  if 00  control  design  is  repeated.  Results  indicate  that  significant 
damping  is  again  achieved  in  the  first  two  modes  with  good  agreement  between  theory  and  experiment. 
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The  control  design  for  all  cases  involved  SISO  control  of  one  node.  The  final  control  design  is  a  MIMO 
controller  with  sensors  placed  at  nodes  15  and  18.  Theoretical  results  indicate  that  no  significant  increase 
in  damping  is  achieved  for  the  MIMO  design.  This  is  most  likely  due  to  the  fi-ame  being  controlled 
only  by  one  stmt.  If  multiple  controller  actuators  are  used,  then  greater  possibilities  of  MIMO  control 
can  be  achieved.  The  MME/ERA  identification  algorithm  is  extremely  useful  for  designing  MEMO 
feedback  loops,  since  accurate  (near  minimal)  realizations  of  MIMO  systems  are  possible.  Therefore, 
the  extension  to  more  complicated  fle.xible  frames  can  easily  be  accomplished  using  control. 

Finally,  the  increase  in  system  performance  is  achieved  without  the  use  of  any  supplementan  ( low 
authority)  control.  In  many  circumstances,  passive  damping  elements  and  colocated  control  loops  are  first 
implemented  in  the  design.  The  H-x  controller  is  then  used  to  further  improve  stability  and  performance. 
The  results  in  this  paper  illustrate  that  system  performance  can  be  significantly  improved  and  maintained 
in  the  face  of  modest  perturbations,  without  the  use  of  supplementary  control.  Therefore,  eliminating 
the  need  for  supplementary  active  or  passive  damping  decreases  the  complexity  of  the  overall  control 
problem. 

Conclusions 

A  controller  using  Hx  optimal  control  theory  was  designed  and  experimentally  implemented  to 
provide  vibration  suppression  on  a  flexible  frame  structure.  Tune  domain  data  was  first  used  to  obtain 
an  accurate  MIMO  model.  The  identification  algorithm  combined  the  Minimum  Model  Error  estimator 
with  the  Eigensystem  Realization  Algorithm  in  order  to  update  a  finite  element  model  to  conform  with 
experimental  data.  Eleven  flexible  modes  were  found  to  be  inside  the  frequency  range  of  0-60  Hz. 
all  with  damping  ratios  of  less  than  0.5%  critical.  This  MIMO  model  formed  the  basis  for  the  Hx 
control  design. 

A  formulation  designed  to  add  active  damping  to  the  structure  was  determined  for  the  control 
design.  The  closed-loop  response  characteristics  of  the  structure  was  shaped  by  careful  choice  of  three 
weighting  functions.  The  first  weight  constrained  sensor  noise  uncertainty.  The  second  weight  was 
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designed  to  roll-off  the  controller  at  low  and  high  frequencies.  The  last  weight  controlled  the  amount 
of  active  damping  in  the  structure.  Experimental  implementation  of  the  controller  on  the  flexible 
frame  validated  the  control  formulation.  Two  control  designs  were  considered.  The  first  design  provided 
significant  damping  in  the  first  run  modes,  but  was  sensitive  to  structural  perturbations.  The  second 
design  provided  damping  to  a  lesser  degree,  but  supplied  robust  stability  over  significant  perturbations 
to  the  structure.  Results  also  indicate  that  with  accurate  model  representations,  the  H-x.  controller  can 
provide  not  only  robust  stability,  but  robust  performance  to  modest  system  perturbations. 

The  difficult  problem  of  desigrting  a  non-colocated  controller  for  a  flexible  structure  was  handled 
well  using  /f*  control  theory.  The  framework  in  which  the  controller  was  designed  was  greatly 
simplified  due  to  the  accuracy  of  the  identified  state-space  model.  Reducing  the  complexity  of  the 
problem  allowed  a  physical  basis  for  choosmg  weighting  functions.  Therefore,  the  amount  of  effon 
needed  to  obtain  and  implement  an  controller  was  greatly  decreased. 

References 

[1]  Cannon,  R.H.,  and  Rosenthal.  D.E..  “Experiments  in  Control  of  Flexible  Structures  with  Non- 
Colocated  Sensors  and  Acmators.”  AIAA  Journal  of  Guidance,  Control  and  Dynamics,  Vol.  7.  No. 
5,  Sept. -Oct.  1984,  pp.  546-553. 

[2]  Fanson,  J.L.,  Lurie,  B.J.,  O'Brien,  J.F.,  Chu,  C-C.,  and  Smith,  R.S.,  “System  Identification  and 
Control  of  the  JPL  active  Structure,”  Proceedings  of  the  32"'^  Structures,  Structural  Dynamics,  and 
Materials  Conference,  Baltimore,  MD.  April,  1991. 

[3]  Wie,  B.,  Horta,  L.,  and  Sulla,  J..  “Oassical  Control  System  Design  and  Experiment  for  the 
Mini-Mast  Truss  Structure,”  AIAA  Journal  of  Guidance.  Control  and  Dynamics.  Vol.  14,  No.  4. 
July-Aug.  1991.  pp.  778-784. 


21 


[4]  Fanson,  J.L..  Chu.  C-C..  Smith.  R.S.,  and  Anderson,  EH..  **Active  Member  Control  of  a 
Precision  Truss  Structure  with  an  Performance  Objective.”  Proceedings  of  the  AIAA  Dynamics 
Specialists  Conference,  Long  Beach.  CA,  1990. 

[5]  Tsen,  Fu-Min.  “Optimal  Design  Techniques  of  Hoo  Control.”  Ph.D.  Thesis.  State  University  of 
New  York  at  Buffalo.  December.  1991. 

[6]  Kashani.  R..  Melkote,  S..  and  Sorgenfrei.  A.,  Control  of  a  Sman  Strucmre  Helicopter 
Rotor  Blade.”  Proceedings  of  the  ASME  Design  Technical  Conferences,  Miami,  FL,  1991. 

[7]  Safonov,  M.G.,  Chiang,  R.Y.,  and  Flashner,  H.,  “7/*  Robust  Control  Synthesis  for  a  Large 
Space  Structure,”  AIAA  Journal  of  Guidance,  Control  and  Dynamics,  Vol.  14,  No.  3,  May-June 
1991,  pp.  513-519. 

[8]  Goh,  C.J.,  and  Caughey,  T.K..  “On  the  St^ility  Problem  Caused  by  Finite  Actuator  Dynamics 
in  the  Colocated  Control  of  Large  Space  Structures,”  International  Journal  of  Control,  Vol.  41. 
No.  3,  pp.  787-802. 

[9]  Inman,  D.J.,  “Control/Structure  Interaction:  Effects  of  Acmator  Dynamics,”  Mechanics  and 
Control  of  Large  Flexible  Structures,  (ed.  Junkins,  J.L.),  AIAA  Press,  1990,  pp.  507-535. 

[10]  Stroughton,  R.M.,  and  Voth,  C.T.,  “Vibration  Suppression  for  a  Large  Space  Structure  Using 
Hoo  Control,”  Proceedings  of  the  AIAA  Guidance.  Navigation,  and  Control  Conference,  New 
Orleans,  LA,  1991. 

[11]  Ibrahim,  S.R.,  and  Mikulcik,  E.C..  “A  Method  for  the  Direct  Identification  of  Vibration 


Parameters  from  the  Free  Response,”  Shock  and  Vibration  Bulletin,  No.  47,  Pi.  4,  Sept.  1977. 
pp.  183-198. 

f  12]  Yeh.  F-B..  and  Yang.  C-D,.  “New  Time-Identification  Technique.”  AIX\  Journal  of  Guidance. 
Control  and  Dynamics,  Vol.  8  No.  4,  Jui-Aug.  1987,  pp.  463-470. 

[13]  Billings.  S.A.,  'identification  of  Nonlinear  Systems-A  Survey."  lEE  Proceedings.  Vol.  127. 
Pt.  D.  No.  6.  1980,  pp.  272-285. 

[14]  Roemer,  M..  "Robust  System  Realization/Identification  via  Optimal  State  Estimation,"  Ph.D. 
Dissertation.  State  University  of  New  York  at  Buffalo,  1991. 

[15]  Mook,  D.J.,  and  Junkins,  J.L.,  “Minimum  Model  Error  Estimation  for  Poorly  Modeled  Dynamic 
Systems.”  AlAA  Journal  of  Guidance.  Control  and  Dynamics.  Vol.  11,  No.  3,  May-June  1988.  pp. 
256-261. 

[16]  Crassidis,  J.L..  Mason,  P.A.C.,  and  Mook,  D.J.,  “A  Riccati  Solution  for  the  Minimum  Model 
Error  Algorithm.”  to  appear  in  the  AIAA  Journal  of  Guidance,  Control  and  Dynamics. 

[17]  Juang,  J.-N.,  and  Ptq)pa,  R.S.,  “An  Eigensystem  Realization  Algorithm  [ERA]  for  Modal 
Parameter  Identification  and  Model  Reduction,”  AIAA  Journal  of  Guidance.  Control  and  Dynamics, 
Vol.  8,  No.  5,  Sept..Oct.  1985,  pp.  620-627. 

[18]  Str>’,  G.I.,  and  Mook.  D.J.,  “Experimental  Study  of  Nonlinear  Dynamic  System  Identification." 
to  appear  in  Nonlinear  Dynamics. 


[19]  Roemer,  M.J..  and  Mook.  D.J.,  “Robust  Modal  Identification/Estimation  of  the  Mini-Mast 
Testbed,”  AlAA  Journal  of  Guidance.  Control  and  Dynamics,  Vol.  15.  No.  3.  May-June  1992.  pp. 
642-647. 

[20]  Roemer.  M.J.,  and  Mook.  DJ..  “Enhanced  Realization/Identification  of  Physical  Modes.” 

A.S.C.E.  Journal  of  Aerospace  Eiiitineernr^.  Vol.  3.  No.  2.  April  1990.  pp.  128-139. 

[21]  Balas.  G.J..  Packard.  .A..K..  and  Harduvel.  J.T..  "Application  of  /i-Synthesis  Techniques  to 
Momentum  Management  and  Attitude  Control  of  the  Space  Station.”  Proceedings  of  the  AIAA 
Guidance.  Navigation,  and  Coiwol  Conference.  New  Orleans,  LA,  1991. 

[22]  Francis.  B.A.,  Helton,  J.W.,  and  Zames.  G.,  “ifao  Optimal  Control  for  Linear  Multivariate 
Systems,”  IEEE  Transactions  on  Automatic  Control,  Vol.  AC-29,  Oct.  1984,  pp.  888-900. 

[23]  Doyle,  J.C.,  Khargonekar.  P.P.,  and  Francis.  B.A.,  “State-Space  Solutions  to  Standard  Hi  and 
Htxi  Control  Problems,”  IEEE  Transactions  on  Automatic  Control,  Vol.  AC-34,  Aug.  1984.  pp. 
831-847. 

[24]  Chiang,  R.Y.,  and  Safonov,  M.G.,  Robust-Control  Toolbox,  Mathworks,  South  Natick,  MA. 
1988. 


24 


Figorc  1  Multi'lnput'Multl-Oatpiit  Block  Dtagna 


Figure  2  Augmcatcd  Closed-Loop  Systea 
Figure  3  Flexible  Frame  Testbed 

Figure  4  ExperimeauL  Analytical,  and  Identified  Magnitude  Plots  (1st  input) 
Figure  5  Evperinieiital.  Analytical,  and  Identified  Magnitude  Plots  i2nd  input) 
Figure  6  Block  Diagram  of  the  Combined  Realizatioa  Algorithm 
Figure  7  Magnitude  Plots  of  the  Inverse  Weighting  Functions 
Figure  8  Magnitude  Plot  of  the  Robust  Controller 
Figure  9  Closed-Loop  and  Open-Loop  Transfer  Function  Magnitude  Plots 
Figure  10  Closed-Loop  and  Open-Loop  Time  Responses 
Figure  11  Theoretical  Multiplicative  Uncertainty  Bound 


Figure  12  Experimenul  Instability  using  the  First  Perturbed  System 


Tabic  1  Poles  of  the  Ideotified  Model 
Table  2  System  Results  for  Two  CootroUer  Designs  and  Perturbatioos 
Table  3  Natural  Frequencies  of  the  Perturbed  Models 


Mag.  (Db)  Mag.  (Db) 


Mag.  (Db)  Mag.  (Db) 


Frequency  (Hz) 


Magnitude  (Db) 


Sensor  Output  (Volts) 


Magnitude 


Conference  on  Modern  Practice  in  Stress  and  Vibration  Analysis,  Ed. 
J.  L.  Wearing,  1993,  Sheffield  Academic  Press,  ISBN  1-85075-439-X 


ACTIVE  CONTROL  OF  A  SLEWING  FRAME 
USING  SMART  STRUCTURES 

Donald  J.  Leo*,  Daniel  J.  Inman** 

*  Research  Assistant,  Department  of  Mechanical  and  Aerospace  Engineering 
State  University  of  New  York  at  Bi^alo,  Bi^alo,  NY,  14260 

** Samuel  Herrick  Professor,  Department  of  Engineering  Science  and 
Mechanics,  Virginia  Polytechnic  Institute  and  State  University,  Blacksburg,  VA, 
24061 

ABSTRACT 

A  testbed  consisting  of  a  flexible  frame  slewed  by  a  dc  motor  is  modeled  for 
active  vibration  suppression.  This  presents  a  challenging  control  problem  since 
the  primary  action  of  slewing  induces  both  bending  and  torsional  vibrations  in 
the  structure.  Inserted  into  the  frame  are  two  active  members  that  can  be  used 
as  colocated  sensor/  actuators  in  feedback  control  loops.  A  theoretical  study  is 
conducted  to  obtain  control  laws  that  simultaneously  slew  the  frame  and 
suppress  the  residual  vibrations.  Simulation  results  indicate  that  the  dc  motor  is 
effective  in  slewing  the  frame  and  suppressing  the  bending  motion  but  not  the 
torsional  motion.  Hence,  the  torsional  vibrations  are  suppressed  using  the  active 
members  in  colocated  feedback  loops. 

INTRODUCTION 

Slewing  a  flexible  structure  involves  vibration  suppression  as  well  as  accurate 
pointing  and  tracking.  For  simple  structures  such  as  flexible  beams,  both  of 
these  objectives  can  be  obtained  using  a  feedback  loop  consisting  of  the  slewing 
actuator  and  angular  rate  and  position  sensors  (Garcia  [1]).  A  variety  of  control 
laws  have  been  presented,  some  based  on  optimal  control  theory  (Juang,  et  al 
[2]),  others  designed  with  Lyapunov  methods  (Junkins,  et  al  [3],  Fujii,  et  al 
[4]).  For  a  structure  that  exhibits  more  complicated  dynamics,  slewing  the 
structure  and  suppressing  vibrations  calls  for  a  more  sophisticated  control 
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system.  The  increase  in  controller  complexity  is  necessary  since  it  is  likely  that 
not  all  of  the  flexible  modes  are  easily  controlled  using  the  slewing  actuator.  A 
straightforward  approach  is  to  take  advantage  of  recent  developments  in  smart 
structure  control  and  integrate  active  members  into  the  slewing  struemre. 
Integrating  active  members  into  the  structure  provides  additional  sensors  and 
acmators  for  feedback  control  and  has  been  shown  to  improve  performance 
(Garcia  and  Inman  [5]).  Vibration  suppression  and  accurate  pointing  is 
accomplished  using  Multiple-Input-Multiple-Output  (MIMO)  control. 

This  approach  is  taken  in  the  design  of  a  control  system  for  a  slewing  flexible 
frame.  This  is  a  challenging  control  problem  since  the  slewing  motion  excites 
bending  and  torsional  vibrations  in  the  struemre.  Previous  results  illustrate  the 
need  for  multiple  control  loops,  since  the  torsional  motion  is  difficult  to 
suppress  with  the  slewing  actuator  (Leo  and  Inman  [6]).  The  ability  to 
implement  MIMO  control  is  provided  by  replacing  two  passive  members  of  the 
frame  with  active  elements.  The  active  members  can  be  used  in  conjunction 
with  the  slewing  actuator  in  non-colocated  control  loops,  or  they  can  used  as 
independent  colocated  sensor/  actuators.  This  paper  discusses  the  merits  of  each 
approach  with  regards  to  design,  robusmess,  and  performance. 

MODELING  OF  THE  SLEWING  FRAME 


The  slewing  frame  is  modeled  as  a  set  of  second  order  ordinary  differential 
equations  of  the  form 


•  >l 


(1) 


where  M,  D,  and  K  are  the  (n-f-1)  x  (n+l)  mass,  damping  and  stiffness  matrices 
derived  from  a  finite  element  model  consisting  of  the  first  n  elastic  modes  of  the 
frame.  The  modal  coordinates  are  denoted  lit)  and  the  rotation  of  the  structure’s 
rigid  body  about  its  axis  is  6{t).  The  overdot  represents  differentiation  with 
respect  to  time.  Three  inputs  to  the  system  exist:  the  slewing  acmntor  and  two 
active  members.  The  (n+1)  x  1  forcing  vectors  for  these  actuators  are  B,,/, 
and  respectively.  The  slewing  actuator  is  a  dc  motor  with  armature  current 
V.1  and  v«,  are  the  acmator  voltages  across  the  active  members.  The  input  to 
the  motor  is  the  armature  voltage,  €,(0.  The  relationship  between  the  input 
voltage  and  the  armature  current  is 


4  ^[*a(0]  +  =  -Wt)  +  e,(r) 


(2) 


The  parameters  L,  and  R,  are  the  inductance  and  resistance  of  the  dc  motor,  and 
ATfr  is  the  back-emf  constant.  The  angular  rate  of  the  slewing  frame  is  denoted 

0,(r).  It  differs  from  6(t)  because  it  is  the  summation  of  the  rigid  body  rotation 
and  the  rotation  due  to  flexibility.  The  sensor  outputs  of  the  system  are  the 
angular  rate  and  position  of  the  frame,  0,(r)  and  6,(t),  and  the  output  signals  of 
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the  active  members,  and  The  ouq)uts  are  can  be  related  to  the 

system  coordinates  and  inputs  by  the  expressions 


i«(0j 


BA0=c, 


(3) 


where  Cp  and  C„  are  the  1  x  (n-t-l)  output  vectors  corresponding  to  the  angular 
posidon  and  rate,  respecdvely.  Since  each  acdve  member  is  a  colocated  sensor/ 
acmator,  the  output  vector  is  simply  the  transpose  of  the  input  vector.  The 
impedance  mismatch  between  the  acdve  members  and  the  structure  is  modeled 
as  a  feedthrough  term,  coupling  the  output  directly  to  the  input  The 
piezoceramics  on  the  acdve  members  are  coupled  to  ground  through  a  resistor, 
thus  creadng  a  high-pass  filter.  The  sensor  signals  from  the  acdve  members, 
v,i(0  and  v,2(t),  are  related  to  v^,(r)  and  by  the  following  expression 


vAs)=:^v^(s)=a^{s)v„[s)  (4) 

where  s  is  the  Laplace  operator  and  t,  is  the  circuit's  dme  constant.  The  model 
is  displayed  graphically  in  Figure  1.  A  complete  derivad'^n  of  this  model  is 
presented  in  Leo  [71. 
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Figure  1:  Block  diagram  of  the  slewing  frame  model. 
In  Figure  1,  the  following  notadon  is  used: 


C,(5)  = 


1 

LpS-^R, 


C„(j)  =  {M!"  +  Ds  +  K}'' 


(5) 
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THE  SLEWING  FRAME  TESTBED 


A  frame  slewed  by  a  dc  motor  is  presented  as  a  testbed  for  experiments  in  the 
control  of  slewing  flexible  structures.  Due  to  its  configuration,  the  action  of 
rotating  the  frame  about  an  axis  causes  both  bending  and  torsional  vibrations. 
The  frame  consists  of  individual  elements  of  thin-walled  circular  aluminum 
tubing.  Each  member  is  0.635  cm  in  diameter  and  has  a  wall  thickness  of 
0.124  cm.  The  elements  are  joined  at  octagonal  nodes  that  are  also  made  of 
aluminum.  Each  member  is  pinned  and  bolted  into  the  node  to  eliminate 
looseness  in  the  joints.  The  frame  is  mounted  onto  the  larger  steel  shaft  by 
bolting  two  of  the  nodes  into  aluminum  clamps. 

The  slewing  actuator  is  an  Electro-Craft  670  dc  motor.  The  shaft  of  the  motor 
is  coupled  to  a  steel  shaft  with  a  diameter  of  0.635  cm,  which  in  turn  is 
connected  to  another  steel  shaft  of  diameter  1.270  cm.  The  smaller  shaft  can 
easily  be  removed  so  that  gears  can  be  placed  between  the  motor  and  the 
structure.  A  tachometer  housed  inside  the  motor  measures  angular  rate,  and  a 
potentiometer  attached  to  the  bottom  of  the  larger  steel  shaft  produces  a  signal 
proportional  to  angular  position.  The  whole  slewing  rig  is  attached  to  a  large 
concrete  block  that  serves  as  ground.  Figure  2  is  a  diagram  of  the  slewing 
frame  testbed. 


Slewing  Axis 


DC  Motor  and  Tachometer 

Shaft  Coupler 

0.635  cm  Steel 

^^(^tpsfor 
Frame 
1.27  cm  Steel 
Shaft 

, 

and  Pillowblock 


Active  Member  I 
-9- 


Active  Member  2 


05  meters 

Figure  2:  Slewing  frame  testbed  showing  the  location  of  the  active  members, 
angular  rate  and  position  sensors,  and  the  dc  motor. 


Two  of  the  passive  elements  of  the  frame  have  been  replaced  by  active 
elements.  The  active  members  are  flat  aluminum  bars  that  have  four  strips  of 
piezoceramic  material  bonded  to  each  side  (see  Figure  3).  The  piezoceramics 
are  model  G-1 195  from  Piezo  Electric  Products  and  have  dimensions  6.350  cm 
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X  1.90S  cm  X  0.025  cm.  Each  ceramic  is  glued  to  the  member  with  Duro 
Depend  n  adhesive.  All  of  the  piezoceramics  are  electrically  coupled  to  one 
another  to  create  one  sensor/  acniatOT.  On  both  active  memben,  the  aluminum 
beam  is  used  as  a  ground  for  the  underside  of  all  the  ceramics. 

The  parameten  for  the  dc  motor  and  the  active  members  are  listed  in  Table  1. 

Tadle  1:  Parameters  for  the  slewing  actuator  and  active  members. 


back  emf  constant 

0.11298 

V/rad/sec 

feedthrough 

0.024 

motor  inductance 

L. 

0.002 

H 

motor  resistance 

R, 

0.63 

Ohms 

piezo  thickness 

3.175  e-3 

m 

member  thickness 

t. 

2.54  e-4 

m 

circuit  time  constant 

0.275 

seconds 

piezoceramics  aluminum  beam 


Member  acts  ai^round 

Electrical  coupling  piezoceramics 

Figure  3:  Piezoceramic  active  member. 


CONTROL  SIMULATIONS 


The  objective  of  this  study  is  to  develop  control  schemes  for  the  slewing  frame. 
The  primary  action  of  the  frame  is  a  rotation  about  its  slewing  axis,  which,  due 
to  the  flexibility  and  low  inherent  damping  of  the  structure,  induces  vibrations 
that  do  not  decay  for  a  considerable  amount  of  time.  Using  the  model 
developed  in  this  paper,  control  laws  are  designed  that  simultaneously  slew  the 
frame  and  suppress  the  vibrations.  The  simulations  involve  designing  a 
controller  that  provides  satisfactory  step  response.  Important  performance 
criteria  include  minimizing  the  settling  time  and  overshoot  of  the  frame's  hub 
position,  as  well  as  suppressing  the  structural  vibrations  induced  during  the 
maneuver. 


Consider  the  case  of  designing  a  controller  to  obtain  satisfactory  step  response 
of  the  frame's  hub  position.  The  input  conunand  to  the  motor  corresponth  to  a 
15*  slewing  maneuver.  Three  designs  are  studied.  The  first  is  a  simple 
Proportional-Derivative  controller  using  the  slewing  actuator  and  angular  rate 
and  position  feedback.  The  second  control  law  has  a  non-colocated  control  loop 
using  active  member  2  in  addition  to  the  PD  compensator.  The  frnal  control 


207 


scheme  involves  two  separate  colocated  controllers,  one  loop  closed  around  the 
motor  and  the  other  loop  closed  around  active  member  2.  All  designs  are 
performed  using  the  nominal  model  shown  in  the  previous  section.  Robusmess 
is  checked  by  closing  the  control  loops  around  nat^ls  that  have  slightly  higher 
and  lower  natural  frequencies  [see  Table  2].  While  not  an  exhaustive  search, 
this  check  indicates  how  well  the  controllers  can  mleraie  uncertainty. 


Table  2:  First  three  natural  frequencies  (in  Hz)  for  the  nominal  model  and  the 
perturbed  models  used  for  stability  analysis  during  the  simulations. 


Nominal  Model  1 
1st  torsional  4.21  4.33 

1st  bending  7.17  7.33 

2nd  torsional  13.90  14.30 


Model  2 
4.09 
7.00 
13.53 


Proponional-Pcrivarivc  Control 

The  procedure  for  designing  this  type  of  controller  is  rather  straightforward, 
since  both  angular  rate  and  position  measurements  are  available.  The  form  for 
the  control  law  is 


=  (6) 


where  d{t)  and  Q{t)  are  the  outputs  of  the  potentiometer  and  tachometer, 
respecrively.  The  reference  voltage,  commands  a  15’  slew.  After  iterating 
on  the  controller  gains,  values  of  -  2.5  and  /(T,  =  40  produce  a  satisfactory 
step  response  without  exceeding  the  voltage  limits  on  the  motor  (see  Figure  4). 
The  overshoot  of  the  hub  position  is  less  than  5  %  and  the  settling  time  is 
approximately  4  seconds. 

The  importance  of  examining  this  control  design  lies  in  its  inability  to  suppress 
the  torsional  motion  of  the  frame.  This  results  in  substantial  residual  vibrations 
after  the  end  of  the  slewing  maneuver,  as  illustrated  by  the  output  of  active 
member  2  in  Figure  4.  This  problem  is  due  to  the  pole-zero  cancellation  that 
occurs  in  the  transfer  function  between  the  motor  and  the  tachometer/ 
potentiometer  outputs.  As  listed  in  Table  3,  the  PD  compensator  successively 
adds  damping  to  ^e  tirst  bending  mode,  but  leaves  the  torsional  modes  lightly 
damped.  The  ability  to  suppress  the  bending  motion  of  the  fiame  is  due  to  the 
large  interaction  between  the  motor  and  the  structure,  as  evidenced  in  the  open 
loop  magnimde  plots. 

Proportional-Derivative  Compensation  with  Supplementary  Non-Colocated 
Control 

A  natural  extension  of  simple  PD  control  is  to  use  an  active  member  as  a  non- 
colocated  sensor  for  a  supplementary  feedback  loop.  The  function  of  the 
supplementary  control  is  to  suppress  the  torsional  motion  of  the  frame  while  the 
PD  compensator  provides  a  satisfactory  step  response.  Using  the  active 
member  in  this  manner  leads  to  the  design  of  a  control  law  for  a  non-colocated 
sensor  and  actuator.  Similar  actuator/  sensor  arrangements  have  been  used  in 
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the  past  (Juang,  et  cd,  [2]),  but  with  different  design  strategies  and  on  structures 
that  did  not  exhibit  torsional  vibrations. 


time  (sec) 
id) 

Figure  4:  Simulated  step  responses  for  the  slewing  frame  with  PD  control 
(dotted)  and  PD  with  supplementary  GSF  feedback  (solid),  (a)  Hub  position, 
(b)  Motor  control  voltage,  (c)  Output  of  active  member  1.  (d)  Output  of 
member  2  showing  instability  due  to  model  error. 


Control  law  development  is  performed  using  a  method  called  Generalized 
Structural  Filtering  (GSF).  A  detailed  treatment  of  the  GSF  method  is 
presented  in  Wie  and  Byun  [8].  In  its  basic  form.  Generalized  Structural 
Filtering  is  a  classical  control  approach  to  active  vibration  suppression  in  that 
frequency  domain  and  root  locus  techniques  are  used  to  find  a  suitable 
compensator.  The  design  for  the  slewing  frame  is  accomplished  in  the 
following  manner.  First,  the  model  is  used  to  find  the  transfer  function  between 
the  motor  input  and  the  output  of  active  member  2,  with  the  PD  control  loop 
closed.  Gosing  the  first  loop  is  important  since  it  greatly  effects  the  dynamics 
of  the  structure.  The  first  stage  of  die  design  involves  introducing  a  fou^  (wder 
Butterworth  Lowpass  Filter  into  the  forward  loop  with  a  comer  frequency  of  20 
Hz.  This  attenuates  the  high  frequency  content  of  the  signal  but  causes 
substantial  phase  lag  in  the  target  region,  0  to  20  Hz.  Following  the  procedure 
outlined  in  Wie  and  Byun  [8],  a  lead  filter  is  then  placed  in  the  compensator  to 
recover  phase  around  the  frequency  of  the  first  torsional  mode  (4  Hz).  Hnally, 
parameters  of  a  non-minimum  phase  second  order  filter  are  chosen  to  actively 
damp  the  first  torsional  mode.  The  final  form  fix'  the  control  law  is 
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(7) 


<.W  =  2.5(9^  -9(f)-  v,^(f)]-  409(0 

where  v^(r)  is  the  output  of  the  GSF  compensator.  In  the  Laplace  domain,  it 
takes  the  form 


(8) 


A  root  locus  plot  for  the  GSF  design  is  shown  in  Figure  5a.  From  the  roots 
locus,  a  gain  of  0.025  is  chosen  since  it  increases  the  damping  in  the  first 
torsional  mode.  An  important  feature  of  the  root  locus  is  that  the  damping  in 
the  flrst  bending  mode  is  being  decreased  as  a  result  of  the  supplementary 
control  loop.  This  is  an  unattractive  feature  of  this  method.  The  time  responses 
of  the  slewing  frame  with  supplementary  control  are  shown  in  Figure  4.  The 
rigid  body  response  has  slightly  greater  overshoot  due  to  the  added  control 
effon  in  the  motor.  The  motor  voltages  with  and  without  sui^lementary  control 
are  similar,  although  a  higher  frequency  component  is  added  to  the  input  due  to 
the  GSF  compensator  (Figure  4b).  TTie  marked  difference  with  this  control 
scheme  is  the  suppression  of  the  residual  vibrations  in  the  frame.  With  the 
supplementary  control,  the  structural  vibrations  are  negligible  at  the  end  of  the 
slewing  maneuver,  which  contrasts  sharply  with  the  case  when  there  is  only  PD 
compensation  (Figure  4c).  The  addidon  of  the  non-colocated  GSF  controller 
enables  the  suppression  of  the  first  torsional  mode  of  the  frame. 


real  (radls)  □  =  design  region  real  (radls) 

(a)  (b) 

Figure  5:  Root  locus  plots  for  the  GSF  design  (a)  and  the  PPF  design  (b). 
The  PPF  controller  does  not  exhibit  the  spillover  into  the  higher  modes  that 
occurs  in  the  GSF  compensation. 

The  tobusmess  of  diis  control  strategy  is  checked  by  closing  the  loop  around  the 
perturbed  models  shown  in  Table  2.  For  both  cases,  an  instability  in  the  first 
torsional  mode  results.  This  is  illustrated  in  Figure  4d,  where  it  shows  that  the 
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frame  is  still  vibrating  almost  forty  seconds  after  the  slewing  maneuver  is  over. 
This  vibration  is  due  to  the  mode  at  4  Hz  being  marginally  stable.  Checking  the 
robusmess  in  this  manner  indicates  that  the  non-colocated  control  design  is 
sensitive  to  the  uncertainties  that  are  bound  to  exist  in  the  model.  Attempts  at 
redesigning  the  control  law  in  light  of  these  results  could  be  made,  but  a  more 
practical  approach  to  achieving  performance  and  robustness  specifications  is 
detailed  in  the  next  section. 

Proportional-Derivaiive  Compensation  with  Supplementary  Colocated  Control 
The  final  design  for  satisfactory  step  response  uses  active  member  2  as  both  a 
sensor  and  an  actuator  to  provide  vibration  suppression.  As  in  the  previous 
case,  a  PD  compensator  is  used  to  slew  the  frame,  with  the  colocated  control 
loop  acting  as  supplementary  feedback.  The  control  law  chosen  for  the  active 
member  is  Positive  Position  Feedback.  Much  like  the  GSF  method.  Positive 
Position  Feedback  (PPF)  consists  of  second  order  filters  tuned  to  suppress 
specific  structural  modes.  For  a  detailed  treatment  of  the  design  procedure,  the 
reader  is  referred  to  Fanson  and  Caughey  [9].  PPF  control  is  chosen  since  it  is 
easy  to  design  and  is  robust  with  respect  to  unmodeled  dynamics  (Goh  and 
Caughey  [10]).  It  has  also  been  experimentally  implemented  in  previous  work 
(Fanson  and  Caughey  [9]).  In  the  Laplace  domain,  the  form  of  the  PPF 
controller  is 


.V, 


0): 


tS‘+2^^Q}j^S  +  Ct) 


^Kis) 


(9) 


The  parameters  for  the  filter  design  are  found  using  root  locus  techniques  (see 
Figure  5b).  The  design  procedure  for  PPF  control  is  more  straightforward  than 
for  the  GSF  method  and  requires  much  less  iteration.  In  this  case,  the  first 
torsional  mode  is  targeted  for  suppression.  An  important  feature  of  the  control 
law  is  that  the  spillover  into  the  high  frequency  modes  of  the  system  is  almost 
negligible  due  to  the  controller  roll-off.  This  contrasts  with  the  GSF  design, 
which  decreases  the  damping  in  the  first  bending  mode.  After  performing  the 
analysis,  the  following  control  law  is  obtained 

e.(/)  =  2.5(9„-9(,)]-40e(0 
1 6(31)^ 

V  (c)  = _ _ Y 

^  r +2(0.08)(3l)s  +  (3lf  ^ 

The  first  pan  of  equation  (10)  is  simply  the  PD  compensator  designed  in  the 
previous  section,  the  second  pan  is  the  PPF  controller  using  active  member  2  as 
a  colocated  sensor/  actuator.  A  simulated  slewing  maneuver  is  shown  in  Figure 
6.  The  hub  position  response  and  motor  voltage  are  essentially  the  same  with 
and  without  PPF  control.  This  is  to  be  expected  since  the  feedback  loop  is 
independent  of  the  motor.  With  the  supplementary  conorol  loop,  the  strucmral 
vibrations  in  the  frame  are  suppressed  by  the  time  the  slewing  maneuver  is  over 
(Figure  6c).  The  damping  out  of  the  torsion  is  not  as  fast  as  with  the  GSF 
controller,  but  this  is  due  to  the  fact  that  the  motor  is  a  much  more  powerful 
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actuator.  During  the  design,  the  achievable  damping  was  limited  by  the  peak 
value  of  the  active  member  control  etfon,  which  is  approximately  100  volts 
(Figure  6d). 


feedback,  (a)  Hub  position,  (b)  Motor  control  voltage,  (c)  Sensor  output  of 
active  member  1.  (d)  Active  member  2  control  voltage. 

The  robusmess  tests  are  performed  on  this  control  scheme.  The  test  is  to  close 
the  feedback  loops  around  the  perturbed  models  listed  in  Table  2.  For  both 
cases,  the  system  remains  stable.  This  represents  a  major  advantage  over  the 
non-colocated  control,  which  results  in  an  unstable  system  in  the  presence  of 
model  eiTor. 


TaMe  3:  Comparison  of  the  results  for  the  three  separate  simulations. 


Control  Law 

PD 

PD  +  GSF 

PD  +  PPF 

Damping  (%) 

1st  torsional 

0.2 

8.2 

4.8 

1st  bending 

6.1 

4.8 

6.1 

2nd  torsional 

0.4 

0.5 

0.4 

Rigid  Body  Response 

settling  time  (seconds) 

4  seconds 

4  seconds 

4  seconds 

overshoot  (degrees) 

0.7 

1.1 

0.4 

Stability  Robustness^ 

Yes 

No 

Yes 

Define  as  being  stable  with  the  perturbed  models  listed  in  Table  2. 
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Discussion  of  the  Simulation  Results 

These  simulations  indicate  the  inability  of  a  motor  control  law  to  suppress  the 
torsional  motion  of  the  slewing  frame.  This  is  a  result  of  a  pole-zero 
cancellation  that  occurs  between  the  motor  input  and  the  angular  rate  and 
position  sensors.  Physically,  this  means  that  the  interaction  between  the  input 
torque  and  the  torsional  modes  is  small.  These  modes  can  be  suppressed, 
though,  by  integrating  acmators  and  sensors  into  the  structure.  In  one  control 
law,  the  active  member  is  used  solely  as  a  sensor  in  a  non-colocated  feedback 
loop.  This  achieves  the  desired  vibration  suppression,  but  is  difficult  to  design 
and  does  not  maintain  stability  in  the  presence  of  model  error.  Another 
approach  is  to  use  the  active  member  in  a  colocated  feedback  loop,  taking 
advantage  of  the  piezoelectrics  ability  to  acmate.  This  leads  to  a  rather  simple 
design  that  has  negligible  spillover  into  the  higher  modes.  It  is  also  nx>re  robust 
with  respect  to  model  uncenainty.  The  results  of  these  simulations  are 
consistent  with  initial  e.\peTiments  on  the  slewing  frame  (Leo  and  Inman  [6]). 

CONCLUSIONS  AND  FUTURE  WORK 

Integrating  active  members  into  complicated  slewing  structures  is  an  effective 
means  of  suppressing  vibrations  during  and  after  maneuvers.  This  is  the  result 
of  a  modeling  and  simulation  study  of  a  slewing  frame.  The  distinctive  feature 
of  the  slewing  frame  is  that  the  torsional  modes  cannot  be  controlled  using 
feedback  loops  consisting  of  the  slewing  actuator  and  angular  rate  and  position 
sensors.  Vibration  suppression  is  achieved  by  using  active  members  as  sensors 
in  non-colocated  feedback  loops,  bur  this  yields  a  difficult  design  that  is 
sensitive  to  model  error.  A  superior  approach  is  to  use  the  active  members  in 
colocated  feedback  loops  with  robust  control  laws  such  as  Positive  Position 
Feedback.  When  used  in  conjunction  with  a  simple  Proportional-Derivative 
compensator,  this  design  produces  satisfactory  slewing  maneuvers  and 
simultaneously  suppresses  the  structural  vibrations. 

Future  work  on  this  topic  includes  experimentally  implementing  active  control 
schemes  and  studying  the  effects  of  actuator  and  sensor  dynamics.  The 
problem  of  controlling  the  slewing  frame  is  well  suited  to  the  study  of  MIMO 
control  systems. 
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ABSTRACT 

A  method  is  profiosed  for  suppressing  die  resonances  that  occur 
as  an  item  of  rotating  machinery  is  spun-up  from  rest  to  its  operat¬ 
ing  speed.  This  proposed  method  invokes  “stiffiiess  scheduling**  so 
that  the  resonant  Ci^uency  of  the  system  is  shifted  during  spin-up 
so  as  to  be  distant  ^m  die  excitation  frequency.  A  strategy  for 
modulating  the  stifhiess  through  the  use  of  shape  memory  alloy  is 
also  presented. 

INTRODUCTION 

Most  common  applications  of  “smart  materials'*  actuators 
involves  obliging  dim  to  undergo  some  generalized  displacemem 
in  response  to  a  specified  stimulus.  A  slightly  dififerent  ^iptoach  is 
suggested  in  this  paper.  Here,  we  consider  an  application  in  which 
a  modulus  rather  than  a  displacement  is  manipulated.  Further,  we 
present  a  class  of  probtems  for  which  such  a  smart  material  can  be 
used  to  address  very  simidy  a  problem  of  rotating  equipment 

The  first  portion  of  this  paper  proposes  a  method  of  fabricating  a 
material  whose  modulus  can  be  changed  substantially  through  the 
application  of  a  qiecified  stimulus.  The  particular  implementation 
presented  here  indirectly  exploits  the  large  deformation  associated 
with  sluqpe  memory  alloys  to  achieve  the  desired  modulation  of 
stiffness. 

The  next  portion  of  this  paper  discusses  a  class  of  vilnation  prob¬ 
lems  for  which  such  materiak  have  a  serious  potential  for  vibration 
suppression.  These  are  proUems,  such  as  the  spinning  up  of  rotat¬ 
ing  machinery,  in  which  the  excitation  at  any  time  lies  within  a 
narrow  frequency  band,  and  that  band  moves  through  the  fre¬ 
quency  spectrum  in  a  predictable  maraier. 

FinaUy,  an  example  problem  is  examined  and  the  utility  of  this 
approach  is  discussed. 


'  Work  nippoited  by  the  U.S.I>epaniiient  of  Energy  at  Sandia  National 
Laboratories  under  Coiaiact  DE-AC0476DP00789 


A  SMART  MATERIAL  VmH  MODULATED  ELa;STIC 
MODULUS 

Here  we  present  an  approach  for  modulating  the  elastic  moduli 
of  materials  by  introducing  a  reinforcirig  material  whose  contribu¬ 
tion  to  the  stiffness  of  the  conqiosite  can  be  turned  on  and  off.  We 
first  consider  an  elastic  matrix  structure  through  which  an  array  of 
holes  has  been  drilled.  Then  strands  of  shape  memory  alloy  (SM  A) 
ate  direaded  through  the  holes  and  knobs  (or  knots)  are  placed  at 
the  ends  of  the  strands,  leaving  just  a  little  slack.  (See  Hgure  1  and 
Figure  2.)  Since  the  SMA  can  move  freely  duough  the  matrix,  it 
contributes  nothing  to  the  stiffness  of  the  composite  structure. 


FIGURE  1.  THE  MATRIX  MATERIAL  WITH  HOLES 
THROUGH  WHICH  SMA  IS  THREADED.  THE  FREE 
MOVEMENT  OF  THE  SMA  WITH  RESPECT  TO  THE 
MATRIX  PREVENTS  IT  FROM  CONTRIBUTING  TO  THE 
STIFFNESS  OF  THE  COMPOSITE  STRUCTURE. 


We  now  take  advantage  of  a  fundamental  feaoire  of  slupe  mem¬ 
ory  alloy:  when  shape  memory  alloy  is  subjected  to  a  change  of 
tenqietatiire  it  is  cau^  to  jump  10  an  equilibrium  phase  appropri¬ 
ate  to  that  temperature.  In  particular,  it  can  be  switched  fom  the 
extended,  stress-free  state  shown  in  Rgure  2  to  die  shortened  state 


FIGURE  2.  THE  MATRIX  MATERIAL  WITH  HOLES 
THROUGH  WHICH  SMA  IS  THREADED.  EVEN 
THOUGH  THERE  ARE  KNOBS  ON  THE  ENDS  OF 
THE  SMA  STRANDS,  THERE  IS  STILL  ENOUGH 
SLACK  TO  PERMIT  FREE  MOVEMENT.  AGAIN.  THE 
FREE  MOVEMENT  OF  THE  SMA  WITH  RESPECT  TO 
THE  MATRIX  PREVENTS  IT  FROM  CONTRIBUTING 
TO  THE  STIFFNESS  OF  THE  COMPOSITE. 


FIGURE  3.  THE  MATRIX  MATERIAL  WITH  HOLES 
THROUGH  WHICH  SMA  IS  THREADED.  THE  SMA 
HAS  BEEN  ACTIVATED.  CAUSING  A  JUMP  TO  A 
PHASE  WITH  A  SHORTER  EQUILIBRIUM  LENGTH. 
TAKING  UP  ALL  SLACK.  THE  KNOBS  ARE  NOW 
PRESSING  AGAINST  THE  MATRIX  MATERIAL. 
COMPLETELY  COUPLING  EXTENSIONAL 
DEFORMATIONS  OF  THE  TWO  MATERIALS. 

shown  in  Figure  3.  In  the  shortened  state,  all  slack  is  taken  up.  the 
knobs  are  pulled  into  the  matrix,  and  the  SMA  is  in  tenskm. 

This  state,  in  whidi  the  SMA  is  contracted,  the  knobs  fully  cou¬ 
ple  the  extensional  deformation  of  the  SMA  to  that  of  the  matrix 
material.  One  may  now  use  any  one  of  the  standard  formulae  to 
estimate  the  extensional  modulus  of  the  composite  structure.  A 
good  review  of  alternative  methods  of  perfoiming  these  calcula¬ 
tions  is  presented  by  Christensen  (1991).  A  first  approximation  of 
the  stiffening  effect  of  the  SMA  is  obtained  by  assuming  uniform 
strains  with^  the  composite.  This  analysis  results  in  a  stifihiess 
increase  proportional  to  the  relative  stifi^ss  of  the  SMA  and  the 
matrix  materiaL  to  the  ratios  of  the  cross  sectional  areas  of  the 
SMA  and  the  matrix  materials,  and  to  the  percentage  of  the  SMA 
strands  that  have  been  activated  to  contract 
The  phase  transformations  of  the  SMA  is  reversible,  so  that  a 
return  to  the  previous  temperature  will  result  in  a  return  to  the  con¬ 
figuration  shown  in  Figure  2.  By  raising  and  dropping  temperature, 
on  can  cause  repealed  reversals  in  the  stiffness  of  the  composite. 
The  issue  of  response  time  becomes  primarily  an  issue  of  the  rates 
of  heating  and  cooling.  Heating  is  usually  sieved  by  running  a 
current  through  the  SMA  itself  while  cooling  is  usually  achieved 
through  convective  arxl  diffusive  processes.  However,  response 
times  can  be  accelerated  by  using  more  aggressive  cooling  tech¬ 
niques  (Zerkus  1992). 


It  is  important  to  note  that  the  effect  that  is  being  targeted  here  is 
to  modulate  stiffiiess  rather  than  lo  impose  a  defomution.  as  has 
been  done  often  before;  see  Lagoudas  and  Tadjbakhsh  (IS^).  A. 
Baz  et  al  (1992)  have  used  shqte-memory  alloy  embedded  in  a 
composite  to  achieve  a  more  gradual  niodulatioii  in  stiffhem, 
eiqtloiling  primarily  the  modulus  change  acoomparqdng  phase 
chmge. 

Because  ap|dications  described  below  require  a  change  in  modu¬ 
lus  just  from  one  stage  of  a  transient  spuming  process  to  another, 
rather  than  within  each  rotation,  paiti^arly  ^  response  times 
are  not  rtecessary. 

It  should  be  noted  that  the  strategy  presented  above  for  modulat¬ 
ing  the  stiflheits  of  a  conqmsite  structure  could  be  qiplied  widi 
materials  other  than  shape  memory  alloy,  so  long  as  diose  materi¬ 
als  can  be  caused  to  undergo  large  static  deformation  through  sihik 
outside  stimulus.  Classes  of  such  materials  besides  shtqie  memoty 
alloys  include  dienno-elasdc.  piezo-electric,  and  magnetostrictive 
materials. 

A  further  note  should  observe  that  the  crude  configuration  shown 
above  could  be  extended  by  placing  the  SMA  near  the  surface  of  a 
beam,  and  staggered  along  the  length  of  die  beam.  This  configura¬ 
tion.  shown  in  Figure  4,  permits  effective  modulation  of  the  bend¬ 
ing  modulus  of  the  beam.  If  the  beam  is  originally  in  a  spiral 
configuration,  one  now  has  a  spring  whose  stiffness  is  modulated. 


FIGURE  4.  A  STAGGERED  CONFIGURATION  OF  SMA 
FILLERS  IN  AN  ELASTIC  MATRIX. 


APPLICATION  TO  A  CLASS  OF  VIBRATION  PROBLEMS 

General  Problem  Description 
The  vibration  suppression  capabilities  of  the  smart  material 
described  above  will  be  demonstrated  by  application  to  a  class  of 
rotating  vibration  problems.  This  class  of  problems  is  defined  by 
the  excitation  frequency  of  the  system  being  an  integer  multiple,  n. 
of  the  angular  velocity  of  the  system  so  that  during  spin-up,  the 
excitation  frequency  passes  through  the  natural  frequency  of  the 
system. 

PaiTdlqm  PgggrtetK»n 

We  consider  here  the  simplest  such  case,  that  of  a  rigid  disk 
pinned  to  a  rigid  shaft.  The  connection  includes  a  keyway  so  that 
the  disk  must  rotate  with  the  shaft,  though  it  may  wobble  from  side 
to  side.  A  torsional  spring  serves  to  restore  the  disk  to  its  normal 
configuration.  This  simple  model,  used  in  other  dynamics  analysis 
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by  Chen  and  Bogy(1992),  is  meant  to  account  in  a  very  qiproxi- 
mate  way  for  shaft  or  flexibility.  The  disk  rotates  between 
fticlimiless  qxing  loaded  {dates.  A  number;  n,  of  snuU  sinnsoi- 
daUy  shaped  projectiotB  on  the  surface  of  dm  disk  cause  a  sinuioi- 
dal  excitation.  The  torsioiul  spring  is  oriented  such  that  a  line 
Gcsmecting  the  peaks  of  dm  projections  on  the  disk  would  be  per¬ 
pendicular  to  die  axis  of  rotation  of  the  torsianal  spring.  This  sys¬ 
tem  is  shown  in  Rgure  S. 


5  = 


A  = 


ot*/ 

•  77 


ta. 


dimensioidess  dannping  ratio 
dimensionless  excitation  amplitude 
dimensioidess  deflectian  amplitude 


The  dimensioidess  equation  of  motion  is; 


=  Asin(iiaT)  (3) 

Stiffoess  modulation  will  be  affected  by  dumging  p.  rqiresent- 
ing  a  gam  factor  for  sdffiiess. 

The  spin-up  profile  for  the  class  of  problenns  ccnsideied  is: 


to  =  { 


rt 

'’f. 


0<r<t, 

/>r. 


(4) 


This  q>in-up  profile  causes  the  differential  equation  of  motion  to 
contain  coeGficious  witidi  are  eqdicit  fimetians  of  time,  and  the 

forcing  sinusoid  to  be  a  function  of  /*.  The  ranqiing  nature  of  die 
forcing  function  contains  a  narrow  band  of  fretpiencies  about  the 
instantaneous  frequency  of  nrt.  This  results  in  the  system's 
damped  natural  frequency  being  excited  prior  to  die  intersection  of 
die  instantaneous  excitation  frequent  and  the  system's  damped 
natural  firequency. 


The  goveming  equations  can  be  derived  m  many  ways  (die 
authors  have  used  die  method  presented  Segahnan  and  Dohr- 

maim  (1990).  The  equation  for  the  angle  ^ ,  by  which  the  is 
off  normal  is: 


/„♦  +  +  ♦  ( P*  +  =  A  sin  (n«M)  (1) 

The  multiplier  P  is  ordinarily  unity,  but  will  be  used  later  on  as  a 
“stiffening''  multiplier.  An  interesting  feature  of  tins  system  is  dial 
die  excitation  frequency  at  resonance  is: 


—  -  (— ) 


n*-l 


(2) 


so  that  excitation  will  pass  through  the  damped  natural  firequency 
of  die  ^siem  only  for  n  greater  than  one. 


The  following  quantities  are  used  to  make  the  equation  of 
motion  dimensionless: 


system. 


a  =  — 
T  =  at 


natural  frequency  for  the  nonspinning 

dimensionless  frequency 
dimensfonless  time 


SMART  MATERIAL  APPLICATION  -  STIFFNESS 
SCHEOUUNG 

Sdffiiess  scheduling  is  defined  as  adqiting  the  stiffiiess  of  the 
structure  10  reduce  disturbance  sensitivity.  fTto  qiproadi  has  been 
investigated  by  Viderman  and  Porat  (198^  and  ^  Nag^a  et  al 
(1987),  in  whi^  the  stiffnesses  at  the  supports  of  rotors  are  modu¬ 
lated.)  Sinoe  die  smart  material  described  above  can  take  on  two 
distinct  elastic  moduli,  the  ^tem  will  have  two  distinct  damped 
natural  frequencies.  If  the  fr^uency  reqwnses  for  these  two  sys¬ 
tems  can  be  sufficiently  separated,  then  the  frequency  response  of 
die  smart  system  can  be  greatly  reduced. 

Here  we  consider  a  system  widi  the  following  dimensianless 
parameters: 

^  «  0.02 

ns  2 


A  ~  0.1 

rT  0<r<  200.0 
“  ~  ^200r  r>  200.0 
r  s  0.005 

A  fourth  order  Runge-Kutta  method  was  used  to  integrate  the 
goverrting  equation  for  this  system  for  three  cases: 


•  the  dimensionkst  stiffiiess  is  set  to  a  higher  value; 


•  the  dimensionless  stiffness  p  is  set  to  a  relativdy  low  value; 

•  and  dimeiisionless  stiffiiess  is  appropriately  ssritched  during 
the  ramp  iq>  of  spin. 
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RESULTS 

Rguic  6  shows  the  dunenskMikss  tUt  as  a  function  of  dimensim- 
kss  time  for  the  case  whcie  the  tonional  spring  is  held  in  a  stiffer 
mode  throughmit:  P  =  4.  For  dut  case,  a  huge  resonance  behav¬ 
ior  is  seen  near  a  dimensionless  time  of  120.  A  beating  occurs  for  a 
while  after  the  shaft  reaches  its  terminal  speed.  More  significantly, 
a  fairly  large  oscillation  remains  at  long  times,  after  the  disk  hm 
reached  terminal  speed. 


FIGURE  6.  STIFFENING  ACTUATOR  TURNED  ON 
THROUGHOUT  SPIN-UP. 


Figure  7  shows  the  corresponding  curve  for  the  case  of  p  =  1. 
As  expected,  the  resonance-like  behavior  occurs  earlier  in  the  pro¬ 
cess,  when  dw  excitation  fiequencies  ate  lower.  It  is  important  that 
the  behavim  at  long  times  itunifests  much  lower  atrtpUtudes  than 
is  the  case  with  die  stiffer  speirtg.  This  difiference  occurs  because 
the  natural  fiequency  in  this  case  is  further  from  the  steady  state 
forcing  fiequency. 


FIGURE  7.  STIFFENING  ACTUATOR  TURNED  OFF 
THROUGHOUT  SPIN. 


Figure  8  shows  the  dimensionless  tilt  as  a  function  of  dimension¬ 
less  time  where  die  stiffiiess  parameter,  P  ,  is  initiaily  held  at  a 
value  of  1.0  and  instantaneously  chang^  to  a  value  of  4.0  at 
dimensioiiless  time  98.0. 

Note  that  the  maximum  airqilitude  in  the  resonance  regime  is 
slightly  more  than  halved  and  diat  die  long  term  oscillations  are 
substantially  lower  in  amplitude  than  those  of  the  stiff  system.  Of 
course,  this  high  hequency  response  is  due  to  the  stifih^  of  the 


FIGURE  8.  AMPLITUDE  RESPONSE  WITH 
STFFNESS  SCHEDULING. 


structure  at  long  times  being  that  of  the  material  shown  in  Figure  7, 
and  die  forced  response  at  those  frequencies  are  similai: 


CONCLUSIONS 

The  smart  material  described  here  can  be  used  in  conjunction 
with  ttifBwtM  scheduling  to  give  a  reduction  in  vibratian  airqilinide 
for  a  class  of  rotating  systems  where  the  excitation  is  proportional 
to  the  ^pin  rate.  The  time  at  which  to  diarige  stiffness  is  based  on 
the  spin-up  profile  being  known  in  advance.  This  permits  the  best 
switdiing  time  to  be  chosen  based  on  the  frequency  components  of 
the  excitation  and  the  stiffiiess  switching  transients. 

FUTURE  WORK 

A  control  law  for  choosing  the  stifiiness  switching  time  is  being 
developed  which  does  not  require  exact  knowledge  of  the  qm-up 
profile.  Further,  basic  work  in  the  materials  issues  of  such  actua¬ 
tors  must  be  done. 
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